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Abstract 

We prove that every semisimple Hopf algebra of dimension less 
than 60 over an algebraically closed field k of characteristic zero is 
either upper or lower semisolvable up to a cocycle twist. 
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Introduction and Main Results 



In recent papers several notions and results from the theory of finite 
groups have been generalized or adapted to the context of (semisim- 
ple) Hopf algebras. Simultaneously, many results on the classification 
of semisimple Hopf algebras have also appeared. Some conjectural 
analogies, such as Kaplansky's conjecture about the dimensions of the 
irreducible modules, still remain an open problem. 

Let if be a finite dimensional Hopf algebra over a field k. A Hopf 
subalgebra A C H is called normal if hiAS(h 2 ) Q A, for all h E H. If 
H does not contain proper normal Hopf subalgebras then it is called 
simple. 

If A C H is a normal Hopf subalgebra then the structure of H can 
be reconstructed from A and the quotient Hopf algebra H = H/HA + ; 
more precisely, it is known that in this case H is isomorphic to a bi- 
crossed product H ~ A^ p f a H, where (— S <7, p, t) is a compatible da- 
tum; see for instance [A, M, M10]. This fact implies that, when trying 
to classify Hopf algebras of a given finite dimension, it is an important 
problem to decide whether the Hopf algebra is simple or not. 

We shall assume from now on that the field k is algebraically closed 
of characteristic zero. 

We say that a finite dimensional Hopf algebra H is trivial if it is 
isomorphic to a group algebra or to a dual group algebra. Then, H is 
trivial if and only if it is commutative or co commutative. 

The notions of upper and lower semisolvability for finite-dimensional 
Hopf algebras have been introduced in [MW], as generalizations of the 
notion of solvability for finite groups. By definition, H is called lower 
semisolvable if there exists a chain of Hopf subalgebras H n+ i = k C 
H n C • • • C Hi — H such that H i+ i is a normal Hopf subalgebra of 
Hi, for all i, and all factors Hi := H i+ i/H i+ iH^ are trivial. Dually, 
H is called upper semisolvable if there exists a chain of quotient Hopf 
algebras if( ) = H — > H^ H^ = k such that each of the 

maps — > H(j} is normal, and all factors Hi := are trivial; 

here, is the space of coinvariants of the map n i: see Section 1.3. 

l 
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We have that H is upper semisolvable if and only if H* is lower 
semisolvable [MW], If this is the case, then H can be obtained from 
group algebras and their duals by means of (a finite number of) exten- 
sions; in particular, H is semisimple. 

The smallest non-solvable group is the simple alternating group A 5 
of order 60. It is thus natural to ask if an analogous statement is true 
for semisimple Hopf algebras. A version of the following question was 
posed by S. Montgomery in [Mol, Question, pp. 269]. 

Question 1. Let H be a semisimple Hopf algebra of dimension less 
than 60. Is H necessarily upper or lower semisolvable? 

Let if be a semisimple Hopf algebra over k. If dim H = p n , where p 
is a prime number, then H has a nontrivial central group-like element 
[M6]; inductively, one can see that H is both upper and lower semi- 
solvable [MW]. Also, if dim if = pq 2 , where p ^ q are prime numbers, 
then it was shown in [N, N2, N3] that, under the assumption that H 
and H* are both of Frobenius type, either H or H* contains a nontriv- 
ial central group-like element. This implies that these Hopf algebras 
are also semisolvable, since semisimple Hopf algebras of dimension p, 
pq and q 2 are trivial. In [N3] we showed that all semisimple Hopf al- 
gebras of dimension pq 2 < 100 are of Frobenius type (some instances 
of this fact, e.g., dimension 44, appeared in [K2]); so that these are all 
semisolvable. 

However, not every nontrivial semisimple Hopf algebra H is semi- 
solvable. An example of a simple nontrivial semisimple Hopf algebra 
H of dimension 60 and was constructed by D. Nikshych in [Nk]: in 
this case if is a cocycle twist of the group algebra of the simple group 
A 5 . Moreover, it was shown in [Nk] that if G is a finite simple group 
and 4> e kG <g) kG is a nontrivial invertible pseudo 2-cocycle, then the 
twisted group algebra (kG)^ is a nontrivial semisimple Hopf algebra, 
which is simple Hopf algebra. 

The smallest example of a semisimple Hopf algebra which is not 
semisolvable is a cocycle twist of a group of order 36 [GN], So the 
answer to Question 1 is negative, and it can only be expected to be 
affirmative up to a cocycle twist. The dimensions where the problem 
remains open are 24, 30, 36, 40, 42, 48, 54 and 56. We refer the reader 
to [A2, Mol] for an account of previous results on the problem of 
classification. 

We also point out that, in the related context of Kac algebras, 
several classification results in low dimension were obtained by Izumi 
and Kosaki in their work [IK]; in that paper, the authors classify all 
Kac algebras of dimensions 16, 24, pq 2 < 60 and pqr < 60. 



INTRODUCTION AND MAIN RESULTS 



3 



Our main result is the following theorem, giving an affirmative an- 
swer to Question 1 up to cocycle twists. 

Theorem 1. Let H be a semisimple Hopf algebra of dimension 
< 60. Then H is either upper or lower semisolvable up to a cocycle 
twist. 

We prove that a semisimple Hopf algebra of dimension 24, 30, 40, 
42, 48, 54 or 56 is not simple, and moreover, in dimension 36 the only 
simple example is a twisting of a finite group. This is equivalent to 
the statement in the theorem, in view of previous results. Indeed, if 
H is a nontrivial semisimple Hopf algebra of dimension < 60, then the 
following are equivalent (see [N4]): 

• H is not simple; 

• H is either upper or lower semisolvable. 

Our approach to the problem is the following: for each fixed dimen- 
sion, we first consider the possible algebra and coalgebra decomposi- 
tions (which turn out to be of Frobenius type). Then, for each possible 
type, we derive the existence of proper normal Hopf subalgebras. 

In order to do this, we discuss some general result on semisimple 
Hopf algebras. Many of these results are new. We discuss some prop- 
erties of irreducible characters of low degree which allow, in most cases, 
to prove the existence of quotient Hopf algebras or Hopf subalgebras, 
for each fixed algebra or coalgebra structure, respectively. One of the 
main tools for this is the use of the Nichols-Richmond theorem on ir- 
reducible characters of degree 2 [NR] and some of its consequences, 
which we develope in Chapter 2. 

Using the character theory of H, we get a general result on Hopf 
subalgebras with index 3, which is often of use in low dimensions. See 
Theorem 2.5.1. 

In Chapter 3 we consider an inclusion A C H of semisimple Hopf 
algebras. We show that if C is a simple subcoalgebra of H such that 
Ca C C, for all a E A, then the dual of the quotient coalgebra C/CA + 
and the crossed product A a , where a : A® A — > k is a certain 2-cocycle, 
constitute a commuting pair in C*. 

This relates the corepresentation theory of C /CA + with the repre- 
sentation theory of the Galois object A a of A. Applied in combination 
with Masuoka's main result in [M5] on deformations of cosemisim- 
ple Hopf algebras, the result allows us to prove that some coalgebra 
decompositions are impossible. The result is also useful to get some 
information on the structure of the Hopf subalgebra A, especially when 
A is a group algebra; see Section 3.4. 
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We also discuss braided Hopf algebras in relation with the Radford- 
Majid biproduct construction; see Chapter 4. It often happens, mainly 
because of the 'self-dual' nature of the assumption of simplicity, that 
if a given semisimple Hopf algebra H is simple, then H must have the 
structure of a biproduct H = R#A, where A is a semisimple Hopf 
subalgebra. We get several results on existence of proper (normal) 
Hopf subalgebras in biproducts; in particular, we give such a result in 
Corollary 4.3.4 for the case where A is not cocommutative of dimension 
p 3 ,pa prime number. 

Let p 7^ q be prime numbers. We describe the known families in 
dimension pq 2 as cocycle twists of group algebras; we also prove that 
other families cannot be obtained in this fashion. See Chapter 5. 

The classification of semisimple Hopf algebras of dimension pqr, 
where p, q and r are distinct prime numbers, was given in [N] under 
the assumption that H admits an extension with commutative 'kernel' 
and cocommutative 'cokernel' (a so called abelian extension). 

In this paper we also prove that semisimple Hopf algebras of di- 
mension 30 and 42 admit abelian extensions. This allows us to give 
the complete classification of semisimple Hopf algebras of these dimen- 
sions. We obtain the following theorems. See Chapters 7, 10. 

Theorem 2. Let H be a semisimple Hopf algebra of dimension 30 
over k. Then H is isomorphic to a group algebra kG or to a dual group 
algebra k G , where G is a group of order 30. 

The known nontrivial examples in dimension 42 were constructed in 
[AN]: these are denoted A 7 (2, 3) and A 7 (3,2) ~ A 7 (2,3)*. We prove 
in this paper the following result. 

Theorem 3. Let H be a nontrivial semisimple Hopf algebra of 
dimension 42 over k. Then H is isomorphic to one of the Hopf algebras 
Aj{2,Z) orA 7 {3,2). 

In Table 1 we resume some known facts about the classification of 
semisimple Hopf algebras of dimension less than 60. In the first col- 
umn, p, q and r are distinct prime numbers. The table is organized 
as follows: the first column indicates the factorizations of the dimen- 
sions < 60 in terms of prime numbers; the second and third column 
contain the references where nontrivial examples were constructed and 
where the classification was given, respectively. The fourth column 
gives additional information for each specific type. 

We include an appendix where we describe the structure of the 
Drinfeld doubles of the three non-commutative semisimple Hopf alge- 
bras of dimension 8. Tambara and Yamagami show in [TY] that the 
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dimi? 


Nontrivial 
examples 


Classification 


Remarks 


P 




[Ka2, Z]. See also 
[ZS]. 


H ~ fcZp. 


v 1 




[M7]. 


H ~ kG, G abelian of order 


VI 




[M4, EG, GWJ. 


/i ~ /cG, or ft . Other proofs 
in [So, N]. 




[KP] for dim 8. 
[M7] for dim 27. 


[M4, M7]. 


All scmisolvablc by 
[M6, MW]. 


pq 2 


[F, G, M3, N]. 


[F] for dim 12, 
[M3] for dim 18, 
[JN , JN2, JN3J. 


All semisolvablc. 
[IK, Chapter X] for Kac al- 
gebras. 


p 4 (16) 


[K]. 


[K]. 


All scmisolvablc by 
[M6, MW]. 


p 3 q (24, 40, 
54, 56) 


[IK] for dim 24. 


[IK, Chapter XIV] 
for Kac algebras of 
dim 24. 


Semisolvable; 
Chapters 6, 9, 12, 13. 


pqr (30, 42) 


[AN] for dim 42. No 
nontrivial example in 
dim 30. 


Chapters 7, 10. 


Abelian extensions in 
dim pqr classified in [N]. 
[IK, Chapter X] for Kac al- 
gebras. 


P b (32) 


Yes. 




All scmisolvablc by 
[M6, MW], 


pV (36) 


[EG4] ; D(S 3 ); 

(kDs x Dz)<t, simple 

[GN]; more. 




First non-semisolvable 
example. Chapter 8. 


P 4 q (48) 


Yes. 




Semisolvable; Chapter 11 


p 2 gr (60) 


(fcA 5 ) (simple) [Nk]; 
(fcD 3 X D 5 )^ (simple) 
[GN]. 







Table 1. Semisimple Hopf algebras of dimension < 60 



categories of representations of these three Hopf algebras are not equiv- 
alent as monoidal categories. The results in this appendix have been 
motivated by the paper [Mo3], where the Schur indicators for the three 
Hopf algebras are compared: this gives evidence that the representa- 
tion theory of ifg is in some sense closer to that of kD^ than to that of 
kQ. Here, H 8 denotes the unique nontrivial 8-dimensional semisimple 
Hopf algebra over k [KP, M4], while _D 4 and Q denote, respectively, 
the dihedral and quaternionic groups of order 8. 

On the other hand, note that H s is an extension of k Z2xZ2 by A;Z 2 , 
such that the bicrossproduct group (Z 2 x Z 2 ) cxi Z 2 associated to the 
matched pair of the extension is D4. As a consequence of [N5, The- 
orem 1.3], we know that D(Hg) is a cocycle twist of the Dijkgraaf- 
Pasquier- Roche quasi-Hopf algebra D bJ {D^), where u G H 3 (D^, k x ) 
is the 3-cocycle associated to the extension corresponding to H 8 via 
the Kac exact sequence [Ka]. We present more evidence of this facts 
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involving the Drinfeld doubles. More precisely, we prove on the one 
hand that D(H 8 ) has no quotient Hopf algebra isomorphic to kQ. We 
also show that D(H 8 ) is a (central) extension of k G by kG, where 
G = G(D(H$)*) ~ Z 2 x Z 2 x Z 2 . See Theorems A.l.l, A.1.2. 

Acknowledgements. Most of the results in this paper have been 
announced in [N4]. They were also communicated in the conferences 
Hopf algebras in Noncommutative Geometry and Physics (Brussels, 
May 2002) and Colloquium on Homology Theories, Representations and 
Hopf Algebras (Luminy, June 2002). 

The author is grateful to N. Andruskiewitsch, S. Montgomery, L. 
Vainerman and H.-J. Schneider for interesting discussions, comments 
and references. She also thanks Y. Kashina and Y. Sommerhauser for 
helpful remarks on a previous version of this paper, and the referee for 
many valuable comments. 

This research has been done during a postdoctoral stay at the De- 
partment of Mathematics of the Ecole Normale Superieure, Paris. The 
author is grateful to Marc Rosso for his kind hospitality. 



Conventions and Notation. 



Throughout, k will denote an algebraically closed field of character- 
istic zero. The symbols Horn, ®, etc., will mean Hom fc , etc. Our 
references for the theory of Hopf algebras are [Mo, Sc]. The nota- 
tion for Hopf algebras is standard; for instance, the group of group-like 
elements in H is denoted by G(H). For an algebra A (respectively, 
for a coalgebra C) the notation Houu (resp. Horn 17 ) is used to in- 
dicate the Horn bifunctor in the category of (left) A-modules (resp. 
C-comodules). 

A Hopf algebra H is called semisimple (respectively, cosemisimple) 
if it is semisimple as an algebra (respectively, if it is cosemisimple as a 
coalgebra). Let if be a finite-dimensional Hopf algebra over k. By a 
result of Larson and Radford, it is known that H is semisimple if and 
only if H is cosemisimple, if and only if S 2 = id. See [LR, LR2]. The 
character algebra of H, denoted R(H), is the subalgebra of H* spanned 
by the irreducible characters of H; if H is semisimple, R(H) coincides 
with the subalgebra of cocommutative elements in H*. 

Suppose H is finite dimensional. For a Hopf subalgebra A C if, the 

index of A in if is defined by [if : A] :— -; it is an integer by [NZl. 

dim A 

Suppose q : H — > B is a surjective Hopf algebra map, and identify B* 
with a Hopf subalgebra of H* via q*; by abuse of terminology, the index 
[H* : B*] will be also called the index of B in H. 



7 



CHAPTER 1 



Semisimple Hopf Algebras 

Along this chapter, H will be a semisimple (thus finite-dimensional) 
Hopf algebra over k. 

1.1. Algebra structure 

As an algebra, H is isomorphic to a direct product of full matrix 
algebras 

(1.1.1) H~k {n) x Y[ M di {k) {n *\ 

di>l 

where n = \G(H*)\. It follows from the Nichols-Zoeller Theorem [NZ], 
that n divides both dim if and riidf, for all %. Moreover, by [NR] if 
di = 2 for some i, then the dimension of H is even. 

By [ZS], if n — 1, then {di : di > 1} has at least three elements. 

Suppose that A C H is a Hopf subalgebra. Then A is also semisim- 
ple. Assume that A is commutative. Then it follows from the Frobenius 
Reciprocity that d { < [H : A], for all i. See [AN2, Corollary 3.9]. 

If H is as in (1.1.1) as an algebra, we shall say that H is of type 
(1, n; di, ni, . . . ; d r , n r ) as an algebra. In this case, the dimension of the 
character algebra of H is n + ri\ + • • • + n r . 

If H* is of type (1, n; di, n\ \ . . . ) as an algebra, we shall say that H 
is of type (1, n; di, n\ \ . . . ) as a coalgebra. 

So that H is of type (1, n; di, ni, . . . ; <i r , n r ) as a (co-)algebra if and 
only if H has n non-isomorphic one-dimensional (co-)representations, 
ni non-isomorphic irreducible (co-)representations of degree di, etc. 
Sometimes, we shall use the notation X d or X d (H) to indicate the set 
of irreducible characters of H of degree d. 

Example 1.1.2. The above arguments can be used to get the pos- 
sible algebra structures for a given finite dimension. For instance, sup- 
pose that B is a semisimple Hopf algebra of dimension 60 such that 
G(B*) = 1. Then, as an algebra, B is of one of the following types: 

(1,1;3,2;4,1;5,1), (1, 1; 2, 4; 3, 2; 5, 1) or (1, 1; 2, 4; 3, 3; 4, 1). 
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1.2. Irreducible characters 

Let V be an ff-module. The character of V is the element x = 
Xv ^ H* defined by (x,h) = Tr v (h), h G H. The degree of x is the 
integer degx = x(l) — dimV. If U is another ff-module, we have 

Xv®u = XvXu, Xv* = <S(Xv)- 

Thus the irreducible characters, i.e., the characters of the irreducible 
if-modules, span a subalgebra R(H) of if*, called the character algebra 
of if. The antipode induces an anti-algebra involution * : R{H) — > 
ff(ff), x | — *■ X* : = <5(x). The degree defines an augmentation ff(ff) — > 
fc. 

We first resume some of the basic properties of i?(ff ) that will be 
often used in the rest of this paper. Proofs of these facts can be found 
in [NR]. 

Let XViXw £ R{H) be the characters of the if -modules V and 
W, respectively. The integer m(xv,Xw) = dim Horn// ( V, W) will be 
called multiplicity of V in W. This extends to a bilinear form m : 
i?(ff ) x R{H) -> fc. 

Let if denote the set of irreducible characters of if. If x € R{H), 
then we may write x — S M g# m (/-*> x)/ 1 - Let Xi ^ an d A be characters 
of if -modules; we have 

(1.2.1) m(x, ^A) = m(ip*, Ax*) = xA*). 

Let x be an irreducible character of if. Denote by G[x] the sub- 
group of G(H*) consisting of all those elements g such that gx = X- 
We have 

(1.2.2) g G G[ X ] ^ m(g, X X*) > ^ m(g, XX*) = 1- 
See [NR, Theorem 10]. In particular, 

(1-2.3) XX* = Y 9 + Yl m (^XX*)v- 

geaix] 

/i€£f,deg/i>l 

Note that G[x*} = {g G G(ff *) : x# = x}- Also, if a G G(ff *), we have 

G[ X a} = G[ X ], G[a X ]=aG[ X ]a- 1 . 

As a consequence of [NZ], we have that |G[x]|/(degx) 2 - Moreover, 
it follows from the results in [M5, Section 2], that the order of any 
element g G G[x\ (hence also the exponent of G[x\) divides degx- 

The following lemma will be applied later; see Lemma 12.1.1. It 
serves here to illustrate the (mostly well-known) fact that not any al- 
gebra type can arise as the structure of a semisimple Hopf algebra. 
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Lemma 1.2.4. There is no semisimple Hopf algebra with algebra 
type (1,2; 2, 1;4, m), m>l. 

Proof. Suppose on the contrary that H is a semisimple Hopf alge- 
bra with this algebra type. Let G{H*) = {e, g} and let X be the unique 
irreducible character of degree 2 of H; so that we have gx = X — X9i 
X* = X and x 2 = e + 9 + X- In particular, m( X , Cx) = m (C, X 2 ) = 0, 
for all irreducible character ( of degree 4. Then also xC) — 

m(x, C*x) — 0; f° r an sucn C- 

Let degC = 4 and write ((* = e + g + nx + A, where A is a character 
of if such that m(x, A) = 0. By taking degrees, we get that n > 
and n is odd. Since n = m((,x(), it follows that n — 1. Therefore, 
xC — C + where deg^ = 4, ^ ^ (. Since m(x, xC) = 0> then ^ is 
irreducible. 

Then m(e,x(^>*) = m{e, tp^*) = 1, and we have m(xXi J *) — 1- 
Thus C - ^* — X + J^i^Ph where deg^; = 4. Taking degrees we get a 
contradiction. This shows that this type is not possible. □ 

Let n > 1. The group G{H*) x G(H*) acts on the set X„ via 

(1.2.5) (g,h)-X = 9Xh- 1 , g,heG(H*), x e X p . 

We have G[(g, h). X ] = gG^g' 1 , for all g,h e G(H*), and for all X . 

Using this action we can get some information on the structure of 
the group G(H*). The following proposition gives an example of this 
fact; see also the proof of Lemma 10.1.6. 

Proposition 1.2.6. Let p < q be prime numbers. Suppose that 
G(H*) is nonabelian of order pq. Assume in addition that G[x] ^ 1, 
for all x £ X p . Then q 2 divides \X P \. 

Proof. We may assume that X p ^ 0. Let T C G(H*) be a sub- 
group of order q. Consider the action (T x T) x X p — > X p obtained 
by restriction of the action (1.2.5). We shall show that the stabilizer 
(T x T) x is trivial, for all X G X p , which will imply the proposition. 

Let g,h G T, X e X p , and suppose that (g,h). X = gx^ X — X- 
Then G[ X ] = G[(g, h). X ] = gG^g' 1 . By assumption, G[ X ] ^ 1, hence 
\G[x]\ — because of the assumption \G(H*)\ = pq. Then g — 1; 
otherwise, G[ X ] would be a normal subgroup of order p in G(H*), 
implying that G(H*) is abelian against the assumptions. 

Hence we have (g,h).x = X^ 1 — X> an d h^ 1 G Thus also 

h—1. This finishes the proof of the proposition. □ 



1.3. COINVARIANTS OF HOPF ALGEBRA MAPS 



11 



1.3. Coinvariants of Hopf algebra maps 

Let q : H — > B be a Hopf algebra map and consider the subspaces 
of coinvariants 

H coq = {heH : (id<g>g)A(/i) = /i <g> 1}, and 
co <?# = {h £ H : (q ® id)A(h) = l®h}. 

Then if co 4 (respectively, coq H) is a left (respectively, right) coideal 
subalgebra of if. We shall also use the notation H coB := H coq . By 
[Sc2], 

(1.3.1) dim H = dim H coq dim q(H) = dim coq H dim q(H). 

The left coideal subalgebra H cog is stable under the left adjoint 
action of H. Moreover H coq = c °iH if and only if H coq is a (normal) 
Hopf subalgebra of H. If this is the case, we shall say that the map 
q : H — > B is normal. 

REMARK 1.3.2. The Hopf algebra B* acts on H on the left and 
on the right by / h = (f,q(h 2 ))h!, and h ^ f = (f,q(h 1 ))h 2 , 
respectively. Suppose that g is surjective. Then we have 

# cog = {heH : f ^h = e(f)h, V/ G 5*}, and 
cog iJ = {heH:h^f = e(/)/i,V/ G 5*}. 

In particular, let 77 e G(H*) and consider the Hopf algebra map 
g : iJ — > fc^ obtained by transposing the inclusion k{rj) C if*. Then 

# C09 = {h £ H : i] ^ h = h}, coq H = {h e H : h ^ r] = h}, 

where and — are the regular actions of H* on H. 

By [NZ], if A is a Hopf subalgebra of H such that A C H coq , 
then if co ^ i s free as an A-module, with respect to the action by left 
multiplication of A. In particular, dim A divides dimH coq . The same 
holds true with coc >H instead of H coq . Indeed, with this A-module 
structure and the coaction given by the comultiplication of H, H coq is 
a left (A, H) Hopf module. We note the following consequence of this 
fact: 

Lemma 1.3.3. Suppose that \G(H)\ and [H* : G(H*)] are relatively 
prime. Then the group G(H) is abelian and isomorphic to a subgroup 

ofG(H*). 

Proof. There is a surjective Hopf algebra map ir : H — > k G ^ H *\ 
and we have dim# co *" = [H* : G(H*)\. If 1 ^ g e G(H), then 
ir(g) 7^ 1, since otherwise g would belong to H cow implying that the 
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order of g divides dim// C07r , contradicting the assumption. Therefore 
the restriction of n to G(H) is injective, and G(H) is thus isomorphic to 

a subgroup of G\H*) = G(k G(H *1). This implies that G{H) is abelian. 

□ 

Lemma 1.3.4. Suppose that A C H is a Hopf subalgebra. Then 
A co q \ A = An H co q In partiCU i ar> dim A = dim(A n H coq ) dim q(A). 

Proof. The first claim is evident. The second follows from (1.3.1). 

□ 

1.4. Yetter-Drinfeld modules 

Let %yD denote the category of (left-left) Yetter-Drinfeld modules 
over H. Objects of this category are vector spaces V endowed with an 
//-coaction p : V — > H ®V and an //-action . : H <g) V — > V, subject 
to the compatibility condition p(h.v) = hiv^iS{h^) <8> h 2 .v Q , v e V, 
h G H; morphisms are //-linear and colinear maps. 

The category ^yD is a modular category, which coincides as such 
with the category of modules over the Drinfeld double of H; see [EG]. 
It is shown in [EG] that if V is a simple Yetter-Drinfeld module over 
H, then dimV divides dim//. 

With respect to the left adjoint action ad : H®H — > H, (ad h)(a) = 
hiaS{h2) and the left regular coaction A : H — > H ® H, H becomes 
an object of ^yV. 

The Yetter-Drinfeld submodules V C H are exactly the left coide- 
als V of H such that h\VS(h2) C V, for all h G H. Thus, a one- 
dimensional Yetter-Drinfeld submodule of H is exactly the span of a 
central group-like element of H . 

It is well-kown that the space of (right) coinvariants of a Hopf alge- 
bra map is a left coideal stable under the left adjoint action. We thus 
obtain the following lemma: 

Lemma 1.4.1. Let H — > B be a Hopf algebra map. Then H coB is a 
Yetter-Drinfeld submodule of H . □ 

Remark 1.4.2. Suppose that H — > B — > B' is a sequence of Hopf 
algebra maps. Then H coB is a Yetter-Drinfeld submodule of H coB . In 
particular, since ^yi) is a semisimple category, there exists a Yetter- 
Drinfeld submodule W C H coB ' such that H coB ' = H coB © W. 

We recover the following result, due to Kobayashi and Masuoka 
[KM]; see also [N, Theorem 2.1.1]. Our alternative proof is based on 
[EG]. 
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Corollary 1.4.3. Suppose that B C if is a Hopf subalgebra such 
that [if : B] = p is the smallest prime number dividing dim if. Then 
B is a normal Hopf subalgebra and H fits into a (co-)central extension 
I —> B —> H —> kZ p — »■ 0. □ 

Our argument proves indeed the following more precise statement: 
if A C H is a normal Hopf subalgebra such that dim A is the smallest 
prime number dividing dim if, then A is central in H. 

Proof. Consider the dual projection H* — > B*. So that we have 
dim(ff *) coB * = [H : B] = p. Let V be an irreducible Yetter-Drinfeld 
submodule of (H*) coB * . Since the dimension of V divides dimH and 
is less than p, we find that dimK = 1; therefore V = kg, for some 
g G Z(H*) n G(H*). 

Decomposing (ff*) coB * into irreducible Yetter-Drinfeld modules, 
we see that (if*) coB * is a central group-like Hopf subalgebra of H* 
of dimension p. This implies that H* fits into a central extension 
— > /cZ p — > if* —>£*—> 1. The lemma follows after dualizing this 
extension. □ 

1.5. Yetter-Drinfeld modules and the character algebra 

In the paper [Z2] Y. Zhu establishes a bijective correspondence be- 
tween primitive idempotents in the character algebra R{H) C H* and 
irreducible Yetter-Drinfeld submodules of H . Indeed, it is shown in 
[Z2] that D{H) and R(H) form a commuting pair in End if, with re- 
spect to the £> (if )-action corresponding to the Yetter-Drinfeld module 
structure in H considered in Section 1.4 (or a version of it thereof) and 
the i?(#)-action R(H) ® H -> if , / h := (/, 

Let q : H ^ B be & Hopf algebra projection. Then iJ 00 - 8 is a 
Yetter-Drinfeld submodule of if. Consider the dual inclusion of Hopf 
algebras B* — > if* and let e G -B* be the normalized integral; e is the 
primitive idempotent in B* corresponding to the trivial representation. 
Since e is a cocommutative element, we have e € R(H). Hence we 
may write 

(1.5.1) e = A + £i + ••• + £„, 

where A, f^, . . . , E n are orthogonal primitive idempotents in R(H), 
such that A is the normalized integral in if*. 

The following proposition gives a refinement of the result in [Z2]. 

Proposition 1.5.2. The idempotents A, E u E n in (1.5.1) cor- 
respond bijectively with the irreducible if- Yetter-Drinfeld submodules 
ofH coB . 
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Proof. We saw in Remark 1.3.2 that H co coincides with the 
subalgebra of _B*-invariant elements of H under the left regular action 
— B* <E> H — > H . Hence, since eo G B* is the primitive idempotent 
corresponding to the trivial representation, we have H coB — eo — 1 H. 
This implies the proposition. □ 

1.6. One dimensional Yetter-Drinfeld modules 

Let g G G(H), rj G G(H*). Let V 9jV denote the one dimensional 
vector space endowed with the action h.l = r](h)l, h G H, and the 
coaction 1 i— > g <S> 1. The following is a restatement of a result due to 
Radford [R, Proposition 10] that describes the group-like elements in 
the dual of D(H). 

Lemma 1.6.1. The one- dimensional Yetter-Drinfeld modules of H 
are exactly of the form V gtJ] , where g G G(H) and rj G G(H*) are such 
that (rj h)g = g(h rj), for all h G H . □ 

Remark 1.6.2. Let g G G(H), 7] G G(H*). Then V 9iV is a Yetter- 
Drinfeld module of H if and only if V Vt9 is a Yetter-Drinfeld module of 
H*. 

Proof. We use Lemma 1.6.1. We have that V 9tV is a Yetter- 
Drinfeld module of H if and only if (rj — ^ h)g = g(h <— rj), for all 
h G H. This equivalent to (g — ^ f)rj = rj(f g), for all / G H*. 
Hence the claim follows. □ 

Lemma 1.6.3. Let g e G(H) and rj G G(H*) such that V g>ri is a 
Yetter-Drinfeld module of H. Let also q : H — > be the Hopf algebra 
map obtained by transposing the inclusion k(rj) C H* . 

Suppose that V C H coq is a subspace of H such that g~ l vg = v, for 
alive V. Then V C coq H. 

Proof. Using Lemma 1.6.1, we have for all v G V, 
v V = 9~\v v)g = g~ x vg = v, 

the second equality because v G H coq , see Remark 1.3.2 
that v G coq H and finishes the proof of the lemma. 

The following result will be used in Chapters 6 and 12. 

THEOREM 1.6.4. Let g, rj and q be as in Lemma 1.6.3. Let A C H 
be a Hopf subalgebra such that g~ x ag = a, for all a G A coq . Then the 
restriction q\A '■ A — > is normal. 

Proof. We shall prove that A coq is a Hopf subalgebra of A. By 
Lemma 1.6.3, we have A coq C coq A. Thus coq A = A coq , since they have 
the same finite dimension. This implies the theorem. □ 



. This shows 
□ 
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1.7. ff coB as a left coideal of H 

Let g : H — > 5 be a surjective Hopf algebra map. Identify 5* with 
its image under the transpose map g* : B* — > if*; so that 5* is a Hopf 
subalgebra of if*. 

For each left _B*-module W, we may consider the induced left if *- 
module V = Indf, W := H* (g>^» W. Most basic properties of the 
induction functor are discussed, for instance, in [AN2]. Proposition 
1.7.2 below establishes a relationship between the decomposition of the 
induced module Indf * e and the normality of the map q. Here, Indf * e 
indicates the representation induced from the trivial one-dimensional 
representation W = k t of B* . The key ingredient is the following 
identification. 

Recall that H coB is a left coideal of if, hence a right if *-module. 
Thus (H coB )* is naturally a left H* -module through the action given 
by (p.f,x) := (p,x 1 )(f,x 2 ), for p G H*, f G (H coB )*, x G H coB . 

Lemma 1.7.1. (H coB )* ~ Indf * e as fe/J H*-modules. 

As a consequence of this lemma, we see that for every irreducible 
left coideal V of H, V* appears in H coB with the same multiplicity as 
V does. 

Proof. As left if*-modules, Indf* e = H* ® B * k t ~ H*/H*(B*) + . 
On the other hand, the evaluation map ( , ) : if* <8> if — > fc induces a 
left if *-linear isomorphism H*/H*(B*) + ~ (ff coB )*. □ 

Proposition 1.7.2. TTie map q : H ^ B is normal if and only if 
every irreducible if* -module V appears with multiplicity dimV or in 
Indf* e. 

Proof. We know that g is normal if and only if H coB is a subcoal- 
gebra of H. In turn, the last holds if and only if for every irreducible 
if -coideal V C H coB , H coB contains the simple subcoalgebra corre- 
sponding to V; that is, if and only if, every irreducible left coideal of if 
appears with multiplicity dim^ or in H coB . The proposition follows 
from Lemma 1.7.1. □ 



CHAPTER 2 



The Nichols-Richmond Theorem 



Recall from 1.2 that the character algebra of H, denoted R{H), is 
the subalgebra of H* spanned by the irreducible characters of H. 

A subalgebra M of R(H) is called a standard subalgebra if M is 
spanned by irreducible characters of H. So that if X is a subset of H, 
X spans a standard subalgebra of R{H) if and only if the product of 
characters in X decompose as a sum of characters in X. 

By [NR, Theorem 6] there is a bijection between standard subal- 
gebras of R(H) and quotient Hopf algebras of H. Under this bijec- 
tion, the quotient H — > B corresponds to the character algebra of B: 



In this section we collect some facts related to the fusion rules of 
irreducible characters of degree 2. 

Suppose that H contains an irreducible character \ °f degree 2, 
such that 



in particular, X* = X an d | [x] | = 4. The set G[x] U {x} spans a 
standard subalgebra of R(H). This subalgebra corresponds to a quo- 
tient Hopf algebra H — > H, where if is a semisimple non-commutative 
Hopf algebra of dimension 8 with algebra type (1,4; 2, 1). The classi- 
fication of semisimple Hopf algebras of dimension 8 implies that the 
group G[x] = G(H ) is not cyclic; a more general picture will appear 
later in 3.4. 

Conversely, every semisimple non-commutative Hopf algebra of di- 
mension 8 has four linear characters, which constitute a group isomor- 
phic to Z 2 x Z 2 , and one (self-dual) irreducible character of degree 2, 
satisfying the relations (2.1.1). 

Suppose now that H has an irreducible character x of degree 2 such 
that 



R(B) C R(H). 



2.1. Irreducible characters of degree 2 



(2.1.1) 




geGlx] 



(2.1.2) 



XX* = e + 9 + X, 
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for some g G G{H*). Then G[x] = {e,g}, x* = X and G[x] U {%} 
spans a standard subalgebra of R(H), which corresponds to a quotient 
Hopf algebra H — > if, where if ^ A;§3 is the unique non-commutative 
semisimple Hopf algebra of dimension 6. 

Proposition 2.1.3. Suppose that the following conditions are ful- 
filled: 

e £ :*(!) = 2}| *s odd; 
^ G(H*) contains a subgroup T of order 4. 

T/ien £/iere is a quotient Hopf algebra H — > ff ; where H is a 
semisimple non- commutative Hopf algebra of dimension 8 snc/i i/ia£ 

rcf. 

PROOF. The group L acts on the set X 2 = {x e if : = 2} in 
the form g.x = gX9 1 - Let C X 2 be the set of fixed points under 
this action. Since \X 2 \ is odd by assumption, then \X' 2 \ is also odd. 
Moreover, since L is abelian, L acts on X' 2 by left multiplication. 

Let Y C be the set of fixed points of X' 2 under left multiplication 
by T. Once again we find that |Y| is odd and, in particular, that Y is 
not empty. It is easy to see that //* G Y for all // G Y, whence there 
must exist x G F such that x* — X- 

By construction, x 2 — XX* — E 9 er 9i see (1-2.3). Hence the set 
T U {x} spans a standard subalgebra of R(H ) which corresponds to a 
Hopf algebra quotient of dimension 8 as claimed. □ 

Lemma 2.1.4. Suppose that XX* G kG(H*) for some irreducible 
character X. Assume in addition that degA < deg// for all irreducible 
character // with deg // > 1. Then also A* A G kG{H*). 

PROOF. By assumption we have AA* = E s eG[A] 9- On the other 
hand, we may write A*A = E 9 eG[A*] 9 + Edcg^i 72 /^ where n M = 
m(//, A* A). Then we have 

XX*X = J2 X 9+ E n ll X f i=\G[X*]\X+ ^ n M A//, 

gSG[A*] deg^>l deg^t>l 

and also 

AA*A = 9 X = l G [ A P- 

g<=G[\] 

Comparing the multiplicity of A in both expressions, we find that 
A// = (deg//) A, for all // such that n M 7^ 0. Thus deg// = m(A, A//) = 
m(/t, A* A) = n M . But then n M deg// > (degA) 2 for all // such that 
deg// > 1 and n M 7^ 0; so we see that n M = 0, for all // such that 
deg// > 1. This finishes the proof of the lemma. □ 
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2.2. The Nichols-Richmond theorem 

The following theorem is due to Nichols and Richmond. See [NR, 
Theorem 11]. We state here a version convenient to the finite dimen- 
sional context. 

THEOREM 2.2.1. Suppose that H has an irreducible character x of 
degree 2. Then at least one of the following conditions holds: 

(i) G[ x \ + 1; 

(ii) H has a Hopf algebra quotient of dimension 24, which has a 
degree one character g of order 2 such that gx ^ X> 

(Hi) H has a Hopf algebra quotient of dimension 12 or 60. □ 

Notice that, as a consequence of the theorem, if divnH < 60 and H 
has an irreducible character of degree 2, then G(H*) ^ 1. 

Remark 2.2.2. (i) Suppose that H has an irreducible character x °f 
degree 2 such that G[x] = 1. Then H must also contain an irreducible 
character ijj of degree 3, which is necessarily self-dual, and such that 
Xx* = e + i>. 

Assume that H has no irreducible character of degree 4. Then 
|(j[y>]| = 3 and ip 2 = ^2 geG ^ g + 2ip; so that G[ip] Dtp spans a standard 
subalgebra of R(H), which corresponds to a quotient Hopf algebra of 
type (1,3; 3, 1). 

Proof. We follow the lines of the proof of Case 1 in [NR, Theorem 
11]. Since H has no irreducible character of degree 4 and m(%, ipx) = 1> 
a counting argument implies that ipx is a sum °f irreducible characters 
of degree 2. Moreover, it is easy to see that all these characters are 
conjugated to X- By [NR, Theorem 10 (3)], = E 9 eG[v>] 9X, so in 
particular |G[?/>]| = 3. Multiplying both sides of this equation by x* 011 
the right, we get ip 2 = X^eG[v>] 9 + ^ n ^ s P roves the claim. □ 

(ii) The assumption G[x] = 1, for an irreducible character x °f 
degree n, implies also that x h &s exactly \G(H*)\ distinct conjugates 
under the action of G(H*) by left multiplication. Thus, in this case, 
we must have an inequality \G(H*)\ < \X n \. 

The following corollary of the Nichols-Richmond Theorem gives 
some restrictions for the possibility G(H*) = 1. 

Corollary 2.2.3. Suppose that H has an irreducible character 
of degree 2. If G(H*) = 1, then H has a Hopf algebra quotient of 
dimension 60. In particular, 60/ d\mH . 



2.4. EXISTENCE OF PROPER HOPF SUBALGEBRAS 
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Proof. Any semisimple Hopf algebra of dimension 12 contains 
nontrivial group-like elements [F]. By Theorem 2.2.1, if G(H*) — 1, H 
must have a Hopf algebra quotient of dimension 60 as claimed. □ 

2.3. An application to D(H) 

In this section, we consider an application of Theorem 2.2.1 to the 
Drinfeld double of H. 

Proposition 2.3.1. Suppose that H is a semisimple Hopf algebra 
such that dim if < 60. If the Drinfeld double D(H) has an irreducible 
character of degree 2, then G(D(H)*) ^ 1. 

In particular, D(H) is not simple; see [N, Corollary 2.3.2]. 

Proof. If D(H) has an irreducible character of degree 2, then by 
Corollary 2.2.3, G(D(H)*) ^ 1, unless there is a quotient Hopf algebra 
q : D(H) -> B, with dim B = 60 such that G(B*) = 1. 

If this were the case, then by [NZ] dim H is divisible by 30 (since it 
must be divisible by 2, 3 and 5); thus by assumption, dimH = 30. The 
proposition follows from Theorem 2, which says that H is necessarily 
trivial. □ 

In our applications we shall combine the preceding proposition with 
the following fact. 

Lemma 2.3.2. Suppose that H has a Hopf subalgebra or quotient 
Hopf algebra of index 3. If G(H*) n Z{H*) = 1 and G(H) n Z(H) = 
1, then the Drinfeld double of H contains an irreducible character of 
degree 2. 

Proof. We may assume that H has a quotient Hopf algebra H — > 
B of index 3; the other case is dual, once we notice that D(H* cop ) ~ 
D(H) op ~ D{H). By assumption dimif coS = 3, and by Lemma 1.4.1 
H coB is a Yetter-Drinfeld submodule of H. Decomposing H coB as a di- 
rect sum of irreducible Yetter-Drinfeld submodules implies the lemma, 
since the trivial appears with multiplicity 1. □ 

2.4. Existence of proper Hopf subalgebras 

In this section we apply the Nichols- Richmond theorem in order to 
assure, in certain cases, the existence of proper Hopf subalgebras. 

Lemma 2.4.1. Let x andip be irreducible characters of H such that 
the product x>P is irreducible. Then for all irreducible character /i^e 
we must have m(/x, ipip*) = or m(fi, X*x) — 0. 

In particular G[ip] fl G[x*] = 1. 
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Proof. Let ( = xfi- By Schur's Lemma, ( is irreducible if and 
only if m(e, CC*) = 1- 

On the other hand, we have 



Therefore, m(e, CC*) = 1 if and only if for all /i ^ e, with m(/i, •0*0*) > 0, 
we have m(e, x^X*) — or equivalently, m(/i, — 0- This proves 



Theorem 2.4.2. Suppose that 1 ^ G[x] fl for all irreducible 

characters \ an d ip of degree 2. Then there is a quotient Hopf algebra 
n : H — > iJ ; snc/i t/jat if is o/ type (1, |G(if*)|; 2, |X 2 |) as an algebra. 

Proof. It follows from Lemma 2.4.1 and the assumptions, that if 
X and ip are irreducible characters of degree 2, then their product x^P is 
not irreducible. Thus decomposes as a sum of irreducible characters 
of degree at most 2; indeed, the one-dimensional characters appearing 
in x^ with positive multiplicity form a coset of the stabilizer G[x] in 
G(H*) and thus there are 0, 2 or 4 of them, so that the other irreducible 
summands must be of degree 2. Therefore, the set {x G H : < 2} 
spans a standard subalgebra of the character algebra of H, implying 
the claim. □ 

We next collect some useful variations of this theorem. 

Remark 2.4.3. (i) If H has no irreducible character of degree 4 
and the dimension of H is not divisible by 12, then the set G(H*) Ul 2 
spans a standard subalgebra of R(H). Therefore, H has a quotient 
Hopf algebra of type (1, \G(H*)\; 2, \X 2 \). 

Proof. In this case the product of two characters of degree 2 can- 
not be irreducible. By Theorem 2.2.1, since 12 does not divide dim//, 
then G[x] ^ 1 for all x £ X 2 , implying that for all ip G X 2 , X^P decom- 
poses as a sum of irreducible characters of degree < 2 (arguing as in 
the proof of Theorem 2.4.2). □ 

(ii) Suppose that G[x] ^ 1 for all x £ -^2- Assume in addition 
that G(H*) has a unique subgroup F of order 2. Then all irreducible 
characters of degree 2 are stable under multiplication by F. 

In particular F C. G[ip]n G[x*}, for all irreducible characters tp and 
X of degree 2. 




= XX* + m( ^' W>*)xvx*- 



the lemma. 



□ 
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(iii) Suppose that the action by right multiplication of G(H*) on X 2 
is transitive and \G[x] \ ^ 1 for some irreducible character of degree 2. 
Then the set G(H) U X 2 spans a standard subalgebra of R(H*) which 
corresponds to a quotient Hopf algebra H — > B, such that B is of type 
(1, \G(H*)\; 2, |X 2 |) as an algebra. 

Proof. The assumption implies that |G[x]| ^ 1, for all irreducible 
character x with degx = 2: indeed, the action of G(H*) by right 
multiplication, which is transitive, preserves G[x] and this group is not 
trivial at least for one x- Therefore XX* belongs to the span of G(H*) 
and X 2 . 

Since the action of G(H*) on the set X 2 by right multiplication is 
transitive, for all x' G X 2 , there exists h G G(H*) such that x' = x*h; 
then xx' — XX* h belongs to the span of G(H*) U X 2 . 

This shows that the set G(H*) U X 2 spans a standard subalgebra 
of R{H) and implies the claim. □ 

2.5. Hopf subalgebras of index 3 

Using character theory, we shall show that for some Hopf algebra 
inclusions A C H, with [H : A] = 3, there is a quotient Hopf algebra 
H — > H, such that the simple iJ-modules have dimension 1 or 2. 

Observe that, by Corollary 1.4.3, if H has a Hopf subalgebra of 
index 3 which is not normal, then the dimension of H must be even; 
hence 6/ dimiJ. The following theorem and its corollary give more 
precise information. 

THEOREM 2.5.1. Let A C H be a Hopf subalgebra such that [H : 
A] = 3. Suppose that A is not normal in H . Then there exist a 

\C(M*W 

Hopf algebra H of algebra type (1, \G(H*)\;2, ) together with 

surjective Hopf algebra maps H — > H — > B, where B ~ k^, and a 
surjective coalgebra map B — > H/HA + such that the following diagram 
is commutative: _ 

H ► H 



H/HA+ < B. 

Proof. Since A is not normal in H, by Proposition 1.7.2, Ind^f e = 
e + x, where x is an irreducible character of degree 2. In particular, 
X* = Xi by Lemma 1.7.1. 

Claim 2.5.2. |G[x]| = 2 and G[x]^{x\ spans a standard subalgebra 

<>f miD. 
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Proof. It is enough to show that the product XX* — X 2 admits a 
decomposition as in (2.1.2). 

Since m(x, Ind^f e) = 1, we have x\a = e + a;, where e^iG G(A*), 
by Frobenius reciprocity. Hence x 2 \a = 2(e + x). 

In the character algebra of H one of the following decompositions 
must hold: 

(a) x 2 — e+a+b+c, where a,b,cE G(H*)\{e} are pairwise distinct; 

(b) X 2 = e + where ip is an irreducible character of degree 3; 

( c ) X 2 — e + a + \ where e / a 6 G(H*) and A is an irreducible 
character of degree 2. 

We shall show that the cases (a) and (b) are impossible, thus prov- 
ing that = 2. Suppose that (b) holds. Restricting to A, we 
find that necessarily m(e, ^U) > 0. But by Frobenius reciprocity 
m(e, i/j\a) = m('0,lnd^e) = 0; this contradiction discards case (b). 
Case (a) is similarly discarded. 

Hence (c) holds. It remains to show that A = x- For this, we 
restrict the equation x 2 = e + a + A to A, and apply the Frobenius 
reciprocity to find that m(A, Ind^e) > 0, whence A = x- This proves 
the claim. □ 

Clearly, the standard subalgebra in Claim 2.5.2 corresponds to a 
quotient Hopf algebra H — > B, such that B ~ A:§ 3 . Moreover, by 
construction, and using Lemma 1.7.1, (//*) coA * c B* C H*. Hence 
there is a surjective coalgebra map B — > H/HA + which factorizes the 
canonical map H — > H/HA + . 

Lemma 1.7.1 implies also that gx9 l — X-, f° r an 9 £ G(H*). There- 
fore, G(H*) U G(H*)x spans a standard subalgebra of R(H), which 
corresponds to a quotient Hopf algebra H — > if with the desired prop- 
erties. This finishes the proof of the theorem. □ 

Note that dimiJ = 3\G(H*)\. The following corollary is an imme- 
diate consequence of the theorem. 

Corollary 2.5.3. Suppose that A C H is a Hopf subalgebra such 
that [H : A] — 3 and A is not normal in H . Then we have 



(i) \G(H*)\ is even; 




□ 



CHAPTER 3 



Quotient Coalgebras 

Let if be a semisimple Hopf algebra and let A C H be a Hopf 
subalgebra. Consider the quotient coalgebra p : H — > H := H/HA + . 
By [M2, 3.4], H is a cosemisimple coalgebra. In this chapter we aim 
to relate the corepresentations of H and H . We discuss the corepre- 
sentation theory of H in relation with that of H and the corestriction 
functor H M — > H M. 

We show that if C is a simple subcoalgebra of H such that Ca C C, 
for all a G A, then the dual of the quotient coalgebra C/CA + and the 
crossed product A a , where a : A ® A — » A; is a certain 2-cocycle, 
constitute a commuting pair in C*. This is applied in combination 
with Masuoka's main result in [M5] , in some instances of the proof of 
Theorem 1. 

In particular, when A = kG is the group algebra of a subgroup G 
of G(H) and V is a simple if-comodule, we deduce that Fund H (V) is 
isomorphic as an algebra to a twisted group algebra k a T, where T C G 
is the stabilizer of V, i.e. T = {g e G : V®g ~ V}, and aTxT^P 
is a 2-cocycle. This result implies that the multiplicity of an irreducible 
if-comodule in V is a divisor of the order of Y. In particular, when the 
group T is abelian, all irreducible if-comodules in the restriction of V 
to H appear with the same multiplicity d, where d divides the order of 
T. This allows us to recover the result in [M5, Proposition 2.4]. 

Some of these results are applied to the case when H is a biproduct 
in the sense of Radford: H ~ Kj^A. Indeed, in this case R is isomorphic 
as a coalgebra to the quotient H/HA + . 

We shall denote by H M. the category of left fT-comodules; for a 
left if-comodule algebra A, the category of (left-right) (A, if )-Hopf 
modules will be indicated by h Ma- 

3.1. A multiplicity formula 

Let p : V — > H ® V, p(v) = i>_i <S> v , be a left if-comodule. 
Consider the ii-comodule structure on V obtained by corestriction 
along the coalgebra map p\ we shall sometimes use the notation V for 
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this comodule structure, as well as p = (p <8> id)p : V — > H <g> V for the 
structure map. We obtain in this way a functor H .M — > ^.M, V ^ V. 

By a result of Schneider [Sc3, Theorem II], there is a category 
equivalence uo : H M.a H M. between the category of (A, if )-Hopf 
modules and the category of if-comodules. The equivalence is given 
by w : M m M/MA + , for any object M of H M A - 

Consider now the functor F : H M — > h .Ma, ^(Y) = Y ® A; where 
if coacts diagonally on V®j4 and the right A-module structure is given 
by v <S> a.b = v <g> afe. 

Lemma 3.1.1. (i) The functor F is a left adjoint of the forgetful 
functor U : h Ma — > H M; 

(ii) for all left H-comodulesV there is an isomorphism uF(V) ~ V. 

Proof, (i) We define natural maps 

V> : HonY 7 (X, C/(Y)) -> Homf (X ® A, Y), 

: Homf (X <g> A, Y) -> Hom^(X, U{Y)), 

as follows: 

<g> a) = f(x).a, 4>{g){x) = g{x <g> 1), 

for all x G X, a G A. It is not hard to check that ip and are well 
defined and are indeed inverse isomorphisms. 

(ii) The maps p : (V A) / (V A + ) -> Y, /i([i>(g)a]) := e(a)i>, and 
r] : Y — > (Y <g> ^4)/(Y ® 77(f) := [t> ® 1], define inverse if-colinear 
isomorphisms. □ 

As a consequence we get the following proposition. 

Proposition 3.1.2. Suppose that U and V are finite- dimensional 
left H-comodules. There is a natural linear isomorphism 

Honr^(77, V) ~ Rom H (V* <g> U, A). 

Suppose that V is a simple H-comodule. Then V is simple if and only 
if 

Hornby, V®W) = Hornby* <g> V, W) = 0, 
for all simple left A-comodule kl ^ W . 

Proof. We have isomorphisms 

Rom H (U, V <g> A) ~ Homf (U <g> A, V <g> A) 

~ Hom%;(l7 <g> A),u{V® A)) ~ Hornet/, Y); 
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the first isomorphism by Lemma 3.1.1 (i), the second since u is a cat- 
egory equivalence and the third by Lemma 3.1.1 (ii). This proves the 
first statement since Rom H (U, V A) ~ Rom H (V* ®U,A). 

As left if -comodule, A decomposes in the form A ~ @w (dim W)W, 
where the sum runs over the set of isomorphism classes of irreducible 
left coideals of A, which coincides with the set of isomorphism classes 
of irreducible left coideals W of H which are contained in A. Hence we 
have 

Hom^(F,F) ~ Rom H (V* <g> V, A) ~ ® w (dimW) Rom 11 (V* ®V,W)\ 

this implies the last statement, in view of Schur's Lemma. □ 

Remark 3.1.3. (i) Suppose that U and V are finite-dimensional left 
if-comodules, and let xu and xv £ H be the corresponding characters. 
As a left Jf-comodule, A ~ Q) X eA* degA W\. Proposition 3.1.2 implies 
the following multiplicity formula: 

dim Hornet/, = degA m(X,XvXu)- 
\eA* 

(ii) Suppose that A = kG, where G is a subgroup of G(H). Let 
G[V*] denote the subgroup of G consisting of all elements g for which 
Vg ~ V; that is, G[V*} = G n C[xy]. Recall from (1.2.2) that for 
g E G, we have dimHom // (l / * (g)V, gr) = 1 if and only if g E G[V*], and 
dimHom H (l / * <8> V, g) = otherwise. 

It follows from Proposition 3.1.2 that 

End^V ~ Rom H (V* <g> V, kG) = Hom^(y* ®V,g). 

geG[V*] 

We thus get dim End 77 V = 

3.2. Stable subcoalgebras 

We keep the notation in the previous section. Let C C H be a 
simple subcoalgebra and let V C C be an irreducible left coideal of H. 
Suppose that Ca C C, for all a & A. That is, C is a right A-module 
with action given by right multiplication; by [NZ] C is a free right 
A-module. Let C := p(C) and let t G A be the normalized integral. 
We have H = H(l - t) © Ht, and HA+ = H(l-t). In particular, 
= p(ht), for all h E H . 

Notice also that End H V = End c V and End^V = End U V. 

Lemma 3.2.1. (i) The map p : H ^ H induces an identification 
C/C(l-t) = C; 

(ii) dimC= (dim A)- 1 dim C. 
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Proof, (i) The map p induces an identification C = C/CnHA + = 
C/C n H(l - t). We claim that CnH(l-t) = C(l - t). Indeed, let 
c G C H if(l — £); then c = — t) implying, since (1 — i) is an 
idempotent, that c = c(l — t) G C(l — t). The other inclusion is 
immediate from the fact that Ca C C, for all a G A. 

(ii) We have C = C(l — i) © Ct, since t and 1 — t are orthogonal 
idempotents, and C is stable under right multiplication by A By part 
(i), dimC = dim Ct. But Ct = C A is the space of Ainvariant elements 
in C under the action by right multiplication. Since C is a free right A 
module of rank (dim A) -1 dimC, then dimC = (dim A) -1 dimC. □ 

Remark 3.2.2. Let x £ C be the irreducible character of H cor- 
responding to C. The simple subcoalgebra C satisfies Ca C C for all 
a G A if and only if x^P £ f° r an ^ ^ This follows from the 
fact that the multiplication map m : if ® if — > if is a left (and right) 
if-comodule map. 

Since C is a right A-module coalgebra under right multiplication, 
then (7* is a left A-module algebra under the action (a./)(c) = /(ca), 
/ G C*, c G C, a G A. 

By the Skolem-Noether Theorem for Hopf algebras [M9], since C* 
is a simple algebra over fc, there exists a convolution invertible map 
tp : A -> C* such that a./ = ip(a 1 )fip- 1 (a 2 ), for all / G C*, a G A This 
gives rise to an algebra map ip : A a — > C*, where a G ^ 2 (A, fc) is the 
2-cocycle associated to ^ in the form a(a,b) = ip~ l (aibi)ip(a2)ip{b2). 
Here, and elsewhere, A a := A# a k denotes the associated crossed prod- 
uct with respect to the cocycle a; that is, A a = A as vector spaces, 
with the multiplication a. b = 01(02, &2)oi&i, a, 6 G A Note that, when 
A = A;G is a group algebra, (kG) a = k a G is the twisted group algebra. 

Proposition 3.2.3. As algebras, (End c V^j ? ~ A a . Moreover, 
A a and C* form a commuting pair in (EndV) op ~ C* . 

Proof. The coalgebra projection p : C — > C induces by trans- 
position an algebra inclusion C C C*. We have that C coincides 
with the subalgebra of invariants {C*) A under the action of A Indeed, 
/ G C if and only if f(c) = f(p(c)), for all c G C, if and only if 
/( c ) = /(ct) = (t./)(c), for all ce C; whence, C* = {C*) A . 

Hence, by definition of ip, C coincides with the commutant of 
ip(A a ) in C*. Since C is semisimple, the double commutant theorem 
implies that tp(A a ) is the commutant of C in C*. 
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It follows from Burnside's Density Theorem [CR] that there is an 
anti-isomorphism of algebras I : C* — > End V, given by 

(3.2.4) /(/)(«):=(/,»-!>% ^gF,/gC*. 

Under this identification, the commutant of C* in C* coincides with the 

subalgebra (End V) of (EndV) op . Therefore ip defines a surjective 

( c \ op 

algebra map ip : A a — > V'(-^-a) = (End V) . 

Since CVL C C, we have xvA — (degA)xy, for all irreducible char- 
acter A G A*; that is, m(X,XvXv) — degA, for all A G A*. By Re- 
mark 3.1.3 (i), dimEnd^l/ = J2\eA*( de £ X ) 2 = dim A Therefore 
ip : A a — > C* is an injective algebra map and determines an iso- 

morphism A a ~ ( End V 1 . This finishes the proof of the propo- 
sition. □ 

Corollary 3.2.5. There exists a bijective correspondence between 
irreducible A a -modules and irreducible C-comodules. 

There is an isomorphism V ~ @ i C/j <S> W i} where Wi runs over a 
system of representatives of the isomorphism classes of irreducible Aa- 
modules and Ui is the irreducible C-comodule corresponding to Wi. □ 

In particular, if A = kG where G is a finite group, then the multi- 
plicity of Ui in V divides the order of G, for all i. 

If G is an abelian group, then all the irreducible /c^G-modules have 
the same dimension d. Therefore all irreducible C-subcomodules of V 
appear with the same multiplicity d. 

As an application of the methods of this section, we have the fol- 
lowing proposition. 

Proposition 3.2.6. Suppose that AC = C = CA. Assume in 
addition that dim A = dimC. Then A is normal in k[C]. 

Here, k[C] denotes the subalgebra generated by C; this is a Hopf 
subalgebra of H containing A. 

Proof. By Lemma 3.2.1, dimCt = dimtC = 1, where t G A is 
the normalized integral. Therefore Ct = tC = kip, where ip G C is the 
corresponding irreducible character. Hence, for all c G C , tc = l(c)if) 
and ct = r(c)ip, which implies that tc = ct, after applying the counit. 

Hence t commutes pointwise with C; thus it is central in k[C], and 
a fortiori, A is normal in k[C\. □ 

Remark 3.2.7. It follows from Corollary 3.2.5 that, if G is cyclic 
and |G| = dimV, then C is a cocommutative coalgebra. We thus 
recover a fact in the proof of [M5, Proposition 2.4]. 
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3.3. Quotients modulo group-like Hopf subalgebras 

Let G be a subgroup of G(H) and let A = kG. We shall now 
specialize the description in the previous sections. 

Let t := y^j J2 g€G g be the normalized integral in kG. 

Lemma 3.3.1. Let C and D be simple subcoalgebras of H. Then 
the following are equivalent: 

(i) p(C)n P (D)^0; 

(ii) p(C)=p(D); 

(Hi) There exists g G G such that Cg = D. 

Proof, (ii) =>- (i). Clear, since p{C) ^ for all simple subcoal- 
gebra C. 

(iii) =>. (ii). If D = Cg, then Dt = Ct and therefore p(D) = 
p(Dt)=p(Ct)=p(C). 

(i) =>- (iii). Suppose that c G C and d G D are such that p(c) = 
p(d) 7^ 0. Then c — d belongs to the kernel of p, and there exists h G H 
such that c — d = h(l — t). Hence 

(c-d)t = h(l-t)t = 0, 

implying that ct = dt. But ct G J2 geG Cg and dt G J2 geG Dg. There- 
fore, CgC\Dg' ^ 0, for some g, g' G G; since both Cg and Dg' are simple 
subcoalgebras, this implies that Cg = Dg' and D = Cg(g')^ 1 . □ 

The group G acts on the set of simple subcoalgebras of H by right 
multiplication. Let C±, . . . ,C n be a system of representatives of this 
action, and let Gi C G be the stabilizer of Cj. 

Corollary 3.3.2. There is an isomorphism of coalgebras H ~ 
0^ =1 ^ ; ^ere = p(C i ) ~ C l /C l {kG l ) + . 

Proof. It follows from Lemma 3.3.1 that ~H ~ 0™ =1 p(C;). Thus 
it remains to see that p(Cj) ~ Ci/Ci{kGi) + . 

Fix 1 < i < n and let C = Q, G c = G;. We claim that C n 

H(kG) + = C n C(l - f) = C n C(l - t c ), where t c = J- £ fteGc & 

I ^ I 

is the normalized integral in kG G . 

Note first that if c G CDH(kG) + = CDH(l-t) then c = h(l-t) and 
thus c(l-t) = /i(l-t) 2 = c; this shows that CnH{kG) + = CnC(l-f). 
On the other hand, we have 

1 1 9£G 1 1 g&Gc\Gh&G c 1 1 <yeG c \G 
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Thus, for c G G, ct = J2 g eG c \G ct c9 belongs to ® geGc \ G Cg, 

implying that ct = if and only if ct G = 0. Then c G C D G(l — t) if 
and only if ct = if and only if etc = if and only if c G GnG(l — to) = 
G(l — t G ). This proves the claim and the corollary follows. □ 

3.4. On the structure of G(H) 

In this section we present some consequences of Proposition 3.2.3. 
Some of them are special cases of results in the papers [TY, T]. We 
keep the notation in the previous sections: C C H is a simple subcoal- 
gebra, V C C is an irreducible left coideal, G is a subgroup of G(H) 
such that Cg = C, for all g G G, and C = C/C(kG) + is the quotient 
coalgebra. 

Proposition 3.4.1. Suppose that C is a simple coalgebra. Then 
there exists a non- degenerate 2-cocycle a:GxG^P. In particular, 
the group G is solvable and not cyclic. 

Proof. By Corollary 3.2.5 the twisted group algebra k a G is simple. 
This implies the proposition. □ 

Corollary 3.4.2. Suppose that |G| = dimG = (dimV) 2 . Then G 
is solvable and not cyclic. □ 

Remark 3.4.3. Suppose as above that |G| = dimG. If we assume 
in addition that V* ~ V, then A = kG®C is a Hopf subalgebra whose 
category C of corepresentations has necessarily the fusion rules in [TY]. 
The results in loc. cit. imply that G is abelian. Since by definition C 
admits a fiber functor, the existence of a non-degenerate 2-cocycle on 
G is a consequence of [T]. 

In the following proposition we give a Hopf theoretical proof of these 
facts concerning G, under rather less restrictive assumption. 

Proposition 3.4.4. Suppose that the following conditions hold: 
(%)|G|=dimG; 

(ii) gC = C = Cg, for all g G G. 

Then the group G is abelian and admits a non-degenerate 2-cocycle. 

If in addition C = S(C), then A = kG © G is a Hopf subalgebra 
of H of dimension 2 dim C, which fits into a cocentral extension 1 — > 
k d -> A -> kZ 2 -> 0. 

An analogous result, in the context of Kac algebras, appears in [IK, 
Theorem IX.8 (ii)]. 
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Proof. Keep the notation in the proof of Proposition 3.2.3. Let 
X g G C* denote the image of g G G under the map ip : G — > C*; so 
that {X g : g G G} is a basis of C* and X a Xb = a(a, b)X a b, for all 
a,b e G. Also, the action (a.p)(c) = p(ca) is given by a.p = X a pX~ l , 
for all p G C*, a G G. 

In view of condition (ii), the same arguments apply to the Hopf 
algebra H op . Therefore there exists a basis {Y g : g G G} of C* such 
that the action (p.b)(c) = p(bc) is given by p.b = Y^pY^, for all p G C*, 
b E G. The relation (a.p).b = a. (p.b) implies that XaY^X^Y^ 1 = 
C(a,b)l, for some map ( : G x G — > A; x . The definition of £ implies 
that a.y 6 = C(a,&)Y 6 and similarly that X~ x .b = ((a, fyX' 1 . Thus, by 
the associativity of the actions, we get that ( is a bicharacter on G. 

Suppose that there exists a G G such that ({a,b) = 1, for all b G G. 
This implies that a.Yb = Yf,, for all b G G. Since {lb}&eG is a basis of 
C*, we get that the action of a on C* (and thus on C) is trivial. This 
implies that a — 1, because by [NZ] C* ~ A;G as a left and right kG- 
module. Therefore the bicharacter ( : G x G — > /c x is non-degenerate. 
This proves that G is abelian as claimed. Finally, since kG, which is 
isomorphic to k G , has index 2 in A, the last part of the proposition 
follows; see Corollary 1.4.3. □ 

3.5. A criterion of normality 

We review in this section a result of A. Masuoka, which appears in 
[M5, Section 2]. 

We shall assume that C C H is a simple subcoalgebra of dimension 
n 2 of H , and g G G(H) is a group-like element of order n such that 
gC = C = Cg. In particular, g G k[C], hence k(g) C k[C}. 

Let V C C be an irreducible left coideal, so that kg <g> V ~ V ~ 
V ® Let also a : kg (8) V — > V and o/ : V <8> kg — > F be /J-colinear 
isomorphisms. 

Lemma 3.5.1. zs a normal Hopf subalgebra of k[C] if and only 
if a and a' commute as endomorphisms ofV. 

Proof. Let t e k(g) be the normalized integral. Then k(g) is 
normal in k[C] if and only if tc = ct, for all c G C. By [M5, Lemma 
2.1] this is in turn equivalent to [ct, a'] = in EndV. □ 

COROLLARY 3.5.2. Suppose that V is an irreducible left coideal of 
C such that gV = V = Vg. Then k(g) is normal in k[C}. 

Proof. In this situation, we may take as a the left multiplication 
by g, and a' the right multiplication by g. Since this endomorphisms 
commute with each other, the corollary follows from Lemma 3.5.1. □ 
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Braided Hopf Algebras 

Let A be a semisimple Hopf algebra and let jCVD denote the braided 
category of Yetter-Drinfeld modules over A. Let R be a semisimple 
braided Hopf algebra in jyV. The results in this chapter concern the 
biproduct construction, as described in Section 4.1. This construction 
was introduced by Radford [R2] and interpreted in categorical terms 
by Majid [Mj, Mj2]. 

4.1. Radford-Majid biproduct construction 

Denote by p : R — > A <g> R, p(a) = a_i <E> ao> an d • : A (g) i? — > i?, the 
coaction and action of A on /?, respectively. So that the Yetter-Drinfeld 
compatibility condition reads as follows: 

(4.1.1) p(h.a) = hia-iS{hz) <g> h 2 .a , Va G -R, fteA 

We shall use the notation A R (a) = a 1 <g> a 2 and <Sr for the co multipli- 
cation and the antipode of R, respectively. 

Thus our assumption amounts to the following conditions: 

(4.1.2) R is an A-module and A-comodule algebra; 

(4.1.3) R is an A-module and A-comodule coalgebra; 

(4.1.4) A R (ab) = a 1 ((a 2 )- 1 .b 1 ) ® (a 2 ) & 2 ; 

(4.1.5) S^aV = e fl (a)l fl = a^a 2 ). 

Let if = -R#A be the corresponding biproduct; so that H is a 
semisimple Hopf algebra with multiplication, comultiplication and an- 
tipode given by 
(4.1.6) 

(a#g)(b#h) = a( 9l .b)#g 2 h, A(a#g) = a 1 #(a 2 )_ 1 ( ?1 <g> (a 2 ) fe 

S(a#s) = (l#S(a_i0))(S*(ao)#l), 

for all g,h e A, a,b E R; here we use the notation to indicate the 
element a®g G R#A. See [R2]. 

Consider the natural maps n : H — > A, n(r#a) = e R (r)a, and 
t : ^4 — > if , t(a) = 1 <g) a. Then 7r is a Hopf algebra surjection and 6 is 
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a Hopf algebra injection. Moreover we have m = id^ and 

(4.1.7) R = H con = {he H : (id <g>7r)A(/i) = h <g> 1}, 

coincides, as an A-module and A-comodule algebra with the left coideal 
subalgebra of right A-coinvariants in if. On the other hand, the map 
id(g>e : if — > ff induces an isomorphism of left A-module and A- 
comodule coalgebras 

(4.1.8) R-H/HA+. 

Indeed, the biproduct construction for finite dimensional Hopf algebras 
is characterized by these properties. Namely, suppose that there are 
Hopf algebra maps t : A ^ if and n : H — > A such that 7U : A — > A is 
an isomorphism. Then the subalgebra R := H con of right coinvariants 
of 7r has a natural structure of Yetter-Drinfeld Hopf algebra over A 
such that the multiplication map R#A — > if induces a Hopf algebra 
isomorphism. This principle will be often used throughout this paper. 

Typically, and mainly following the lines described in Chapter 2, we 
shall encounter a Hopf subalgebra A C if and a surjective Hopf algebra 
map 7r : H — > f?, where if, A and f? are certain semisimple Hopf 
algebras such that dim A = dim 5. After an analysis of the possible 
left coideal decompositions of H coB , we shall be able sometimes to 
deduce that A n H coB = hi: this property guarantees the injectivity 
of tt\a, and hence that ti\a '■ A — > _B is an isomorphism. This will tell 
us that if ~ Rj^A has the structure of a biproduct and will enable 
us to use the biproduct techniques that we discuss in the rest of this 
chapter. 

One simple instance of this situation, frequently used along this 
paper, is described in the following lemma. 

Lemma 4.1.9. Suppose A C if is a cocommutative Hopf subalgebra 
and 7i : H — > B is a surjective Hopf algebra map, such that dim A = 
dimf? and dim A is relatively prime to [if : A]. Then tt\a '■ A — > B is 
an isomorphism, and if ~ R#A is a biproduct. 

Proof. It is enough to show that A n ff C07r = kl. This follows 
from the assumptions, since dim A n H con divides both dim A and 
dim if C07r —[H:A\. □ 

4.2. Coalgebra structure of R 

It turns out that R is a normal left coideal subalgebra of if as 
well as a quotient left if -module coalgebra through the identification 
R ~ H/HA + . Since ff is also cosemisimple, i? decomposes as a direct 
sum R = (BiVi, where Vi are irreducible left coideals of if. It is clear 
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that any left coideal V of H such that V C i? is an A-subco module of 
R. 

The following lemma gives insight into the relationship between the 
iJ-comodule structure and the coalgebra structure on R. 

PROPOSITION 4.2.1. LetV C R be a left coideal of H. Then the 
following hold: 

(i) V is a left coideal of R; 

(ii) dimEnd^fV) < dim V, and the equality holds if and only if V 
is a subcoalgebra of R. If this is the case, and ifV is an irreducible left 
coideal of H , then V has multiplicity 1 as a left H-subcomodule of R. 

Proof, (i) The map p = id ®e : H — > R is a coalgebra surjection, 
and p\ R = id R . Since A(V) C H <g> V, then A R (V) = (p® p)A(V) C 
R <S> V, showing that V is a left coideal of R. 

(ii) Let V = ©jTOjVi, where Vi are simple, pairwise non-isomorphic, 
left coideals of R. Thus m, < dimV^, and dimEnd' R (l / ) = J2i m l ^ 
dimV. Moreover, dimEnd iJ (l / ) = dimV if and only if = dimV^, 
for all i, if and only if V is a subcoalgebra of i?. 

Suppose now that V and U are irreducible coideals of H such that 
V is a subcoalgebra of i? and V ~ C/ C£ Then [/ ~ V as left coideals 
of i?. Since V is a subcoalgebra of R, this implies that U — V. The 
proof of the proposition is now complete. □ 

Corollary 4.2.2. Suppose that V C R is a left coideal of H and 
let x be the character ofV. Then we have 

^2 de g A m(^XvXv) < dimV, 

and the equality holds if and only if V is a subcoalgebra of R. 
In particular, \G{A) n G[x*] \ < dimV. 

Recall that G[ X *\ = {g G G(H) : X 9 = x}- 

Proof. Combine Proposition 4.2.1 (ii) with Remark 3.1.3. □ 

Remark 4.2.3. Suppose that A = kG is a group algebra and VCi? 
is an irreducible left coideal of H such that dimV = \G\ and Vg ~ V, 
for all g G G, as in [N2, 1.3]. 

Then we have dimEnd^K = |G| and, by Proposition 3.2.3, there is 
an isomorphism of algebras (End^ V) op ~ k a G for some a G Z 2 (G, k x ). 

On the other hand, by Proposition 4.2.1, V is a subcoalgebra of 
R. So that End R V = End v V ~ (\/*) op as algebras. Whence V is 
isomorphic to a dual twisted group algebra as a coalgebra. We thus 
recover the statement in [N2, Proposition 1.3.1]. 
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4.3. Hopf subalgebras 

In this section we discuss some results on the existence of proper 
Hopf subalgebras in the biproduct H ~ R#A. 

Lemma 4.3.1. Suppose that RC R is a subspace such that: 

(1) R is a subalgebra and a subcoalgebra of R; 

(2) there exists a Hopf subalgebra B C A such that p(R) C B (g) R 
andB.RCR. 

Then R is a braided Hopf algebra over B and the biproduct Rj^B 
is a Hopf subalgebra of H. 

Proof. It is not hard to see that the conditions (4.1.2), (4.1.3) and 
(4.1.4) are verified, so that R is a braided Hopf subalgebra of R. Using 
(4.1.6), we see that indeed R#B is a Hopf subalgebra of H . □ 

Remark 4.3.2. (i) Suppose that V C R is a subcoalgebra satisfying 
condition (2) in Lemma 4.3.1; that is, suppose that there exists a Hopf 
subalgebra B C A such that p(V) CB®V and B.V C V. 

Then the subalgebra k[V] generated by V in R is both a subalgebra 
and a subcoalgebra, by (4.1.4); moreover p(fc[V]) C B <g) k[V] and 
B.k[V] C k[V] because the multiplication of R is a comodule and 
module map. Therefore, Lemma 4.3.1 implies that k[V] is a braided 
Hopf algebra over B and k[V]#B is a Hopf subalgebra of H. 

(ii) Suppose that there exists a Hopf subalgebra B C A such that 
p(R) C B ® R. Then Lemma 4.3.1 applies with R = R, and we find 
that Rj^B is a Hopf subalgebra of H. 

Lemma 4.3.3. Suppose that V C R is an irreducible left coideal of 
H . Then we have 

(i) V is not irreducible as an A-subcomodule of R. 

(ii) Assume in addition that dimV = 2 and J2 g eG(A) 9-V generates 
R as an algebra. Then p(R) C kG(A) <g> R and R#kG(A) is a Hopf 
subalgebra of H. 

Proof, (i) Let it : = e <g> id : H — > A be the canonical Hopf algebra 
projection. We have p(V) C A®V. Suppose on the contrary that V 
is an irreducible A-subcomodule of R. 

Then p(V) C C <E> V, where C C A is a simple subcoalgebra of 
dimension (dimV) 2 . Let C C H be the simple subcoalgebra containing 
V. We have p(V) = (tt ® id)A(V) C 7r(C) ® V, where n : if -> A is 
the projection. Thus, Co C 7r(C), and since dimC = dim Co, we find 
that 7r|c is injective. This is absurd since 7r|y = e|y because VCR. 

(ii) By part (i), V is not irreducible as an A-comodule and therefore 
p(V) C A;G(A)®\/. By (4.1.1), p(^.y) C A;G(A)®^.\/, for all g G G(A). 
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This implies, in virtue of the assumption, that p(R) C kG(A) ® R. 
Thus, by Remark 4.3.2 (ii), R is a braided Hopf algebra over kG(A) 
and the biproduct R^kG(A) is a Hopf subalgebra of H . □ 

Assume that dim A = p 3 , p prime, and A is not cocommutative. 
Then the index of G(A) in A is p and kG(A) in normal in A. Moreover, 
the irreducible A-comodules have dimension 1 or p. See [M7]. We thus 
obtain the following corollary. 

Corollary 4.3.4. Let H = R#A be a biproduct, where A is a 
non- cocommutative semisimple Hopf algebra of dimension p 3 . Suppose 
that V C R is an irreducible p-dimensional left coideal of H such that 
J2 g eG(A) 9-V generates R as an algebra. 

Then H contains a Hopf subalgebra of index p. 

Proof. By Lemma 4.3.3 (i) V is not irreducible as an A-comodule; 
therefore p(V) C kG(A) <g> V. Then p(R) C kG(A) ® R, since by 
assumption the sum YlgeG(A) 9-^ generates R. Remark 4.3.2 (ii) now 
implies that R#kG(A) is a Hopf subalgebra of H. □ 

4.4. Biproducts over finite groups 

Assume that A = kG is the group algebra of a finite group G. Thus, 
R is a G-graded algebra 

R = Q)R g , R g = {r e R: p(a) = g®a}, 

such that A R (R g ) C st=s R s <8> R t - The action of G is by algebra and 
coalgebra automorphisms, and we have 

(4.4.1) h.R g = R hgh -i, 

for all g,h E G. The braiding tr,r : R® R — > R® R is given by 

(4.4.2) T R)R (a ® b) = (g.b) <g> a, Va G b E R. 

Let Supp R C G denote the set of elements g E G such that R g ^ 0. 
Let also G_r denote the subgroup of G generated by Supp R. 

Lemma 4.4.3. G R is a normal subgroup of G. Moreover, R is a 
Yetter-Drinfeld Hopf algebra over G R with respect to the coaction p 
and the restricted action of G R on R, and the biproduct R#kG R is a 
normal Hopf subalgebra in Rj^kG. 



Proof. It follows from (4.4.1) that G R is normal in G. By Remark 
4.3.2 (ii), R#kG R is a Hopf subalgebra of R#kG. It is normal thanks 
to (4.1.6). See [Mo2]. □ 



36 



4. BRAIDED HOPF ALGEBRAS 



The following lemma will help to find, in certain cases, normal Hopf 
subalgebras of Hopf algebras obtained as biproducts. 

Lemma 4.4.4. (i) Suppose that G contains a normal subgroup N 
such that N acts trivially on R. Then the group algebra kN is a normal 
Hopf subalgebra in H . 

(ii) Assume that R is cocommutative and let n = dim R. If \G\ does 
not divide (n — 1)! then there exists a subgroup 1 ^ N of G such that 
the group algebra kN is normal in H. 

Proof, (i) Since N acts trivially on R, then ha = ah in H, for 
all h G N, a G R. On the other hand, the Yetter-Drinfeld condition 
(4.4.1) implies that N C Z G (G R ). 

Note the following consequence of (4.1.6): 

(4.4.5) ad a# ,(6#/>) = (a^alj [g.b^ghg^S^)) (S fl (a|j)#l) . 
In particular, for all h G N, we have 

ad a#9 (/i) = a 1 {a 2 _ 2 (ghg~ 1 )S{a 2 _ 1 )) S R (al) 

= a\ghg- 1 )S R {a 2 ) = e{a)ghg- 1 G kN; 

the second equality because ghg^ 1 G N C Zg{G r ). This proves (i). 

(ii) Since G acts on i? by coalgebra automorphisms fixing 1 G G(R), 
then G permutes the set X = G(i?)\{l}. This corresponds to a group 
homomorphism / : G — > <S(X), where «S(X) is the group of all permu- 
tations of X. Let iV be the kernel of /. By assumption N ^ 1 and N 
acts trivially on /?. Then the claim follows from part (i). □ 

Proposition 4.4.6. Suppose that dimi? = 3 or 4. Then either H 
or H* contains a proper normal cocommutative Hopf subalgebra. 

Proof. In this case, R is necessarily cocommutative. By Lemma 
4.4.4, we may assume that \G\ = 2 if dimi? = 3 and |G| = 6, 3 or 2 if 
dim/? = 4. In view of [M4] and [F], it remains to consider the case 
where \G\ = 6, dimi? = 4. In this case, X = G(R)\{1} has three 
elements and we may assume that G ~ <S(X) is not abelian; so that 
dim if = 24 and \G(H)\ is divisible by 6. We may then also assume 
that H is not trivial and \G(H) \ ^ 12. Therefore G = G(H) and H is 
of type (1, 6; 3, 2) as a coalgebra. The proposition will follow from the 
following claim. 

Claim. The group G is abelian. 

Proof of the Claim. We have that [H : G] = 4 and dim R(H*) = 8. 
Consider the inclusion kG C R(H*). If G is not abelian, then R(H*) ~ 
M 2 (k) x k^ as an algebra, and a complete set of orthogonal primitive 
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idempotents of kG is of the form eo, ei, /o, /i, where dim if = 4 and 
dimHfj = 8. Moreover, / , / x are not central. 

The Kac-Zhu Theorem implies that R(H*) has a primitive idempo- 
tent e with dimiie = 2, and by [Z2] D(H) has an irreducible character 
of degree 2. By Proposition 2.3.1 \G(D(H)*) \ ^ 1. In view of [R], this 
implies that the subgroup of the group G(D(H)) = G(H*) x G(H) con- 
sisting of elements which are central in D(H) is not trivial. We may 
assume that the elements of this group are of the form rj <g> g, where 
g 7^ 1 if i] 7^ e. Thus Z{G) ^ 1 and the claim follows. □ 



4.5. Cocommutative braided Hopf algebras 

Suppose that R is a cocommutative coalgebra, that is, a 1 <E> a 2 = 
a 2 <S> a 1 , for all a E R; so that all irreducible i?-comodules are one- 
dimensional. 

Lemma 4.5.1. Let V C H = R#kG be an irreducible left coideal of 
dimension dimV > 1 and let x = Xv*- Then G[x] (iG^l. 

Proof. As coalgebras, R ~ H/H(kG) + . Let C C if be the simple 
subcoalgebra containing V . Then the (right) stabilizer of C in G is 
G[x\ n G. Consider the corestriction V of V to R as in Chapter 3. 

By Corollary 3.3.2, the image of C under the canonical projection 
H -> H/H(kG) + is isomorphic to C/C(ife(G[x] n G)) + . Therefore, ap- 
plying Proposition 3.2.3 with A = fe(G[%]nG), we find an isomorphism 
of algebras (End R V) op ~ fc a (G[x] n G), where a G ^ 2 (G[x] n G, A; x ). 
Since diml^ > 1, V cannot be irreducible. Therefore \G[x] H G| ^ 1 
and the lemma follows. □ 

Proposition 4.5.2. Let \G\ = q r , where q is a prime number and 
r > 0. Then q divides the dimension of V, for all irreducible left 
coideals V of H such that dim V > 1 . 

Assume in addition that R n G(H) = 1. Then dimi? = 1 mod q. 

Proof. Let V be an irreducible left coideal of H of dimension 
dimV > 1. It follows from Lemma 4.5.1 that G[xv] HG^ 1 and since 
G[xv] n G C G, we find that g divides |G[xv] n G|. 

Since |G[V]| divides the dimension of V, it follows that qj dimV. 

Suppose now that R(~)G(H) = 1. Observe that RDG(H) coincides 
with the set G(R) cop of coinvariant group-like elements in R. 

Since i? decomposes as a direct sum of irreducible left coideals of 
H: R — kl © Vi © • • • © V^, and by the assumption dim Vj > 1, for all 
j = 1, . . . , m, the last claim follows. □ 
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4.6. Cocommutative braided Hopf algebras over Z p 

We begin this section by reviewing some of the results in [So], 
concerning the classification of cocommutative cosemisimple braided 
Hopf algebras over groups of prime order, that will be used later. We 
then show some applications. 

The braided Hopf algebra R is called trivial if the braiding tr^r : 

R ^ R is the canonical flip of vector spaces, i.e., TR t R(a<S>b) = 
b® a, for all a,b G R. See [So, Definition 1.1]. 

By [Sb] R is trivial if and only if R is a (usual) Hopf algebra; that 
is, if and only if A R (ab) = a 1 ^ 1 ® a 2 b 2 , for all a,b G R. 

Let p be a prime number and let Z p denote the cyclic group of 
order p. Let R be a braided semisimple Hopf algebra over Z p . Suppose 
that R is a cocommutative coalgebra. It is shown in [So, Proposition 
7.2] that if R is nontrivial, then p divides the dimension of R. More 
precisely, we have the following proposition. 

Proposition 4.6.1. Let H = R#kZ p such that H is not cocom- 
mutative. Suppose that R is cocommutative. Then we have: 

(i) Assume that R is trivial. Then H fits into an abelian central 
extension 

(4.6.2) -> kZ p -> H -> R -»• 1. 

(ii) Assume that R is not trivial. Then there are exact sequences of 
Hopf algebras 

(4.6.3) 1 -> k Zp -> H -> A;F ® A;Z P -> 1, 

(4.6.4) 1 -> A; Zp (8) A;Z p -> if -> A;F -> 1, 
/or a certain group F. 

Proof, (i) Since f? is cocommutative and trivial, it is isomorphic 
as a Hopf algebra to a group algebra R ~ kT and the action and 
coaction of Z p on R correspond, respectively, to actions by group au- 
tomorphisms Z p — > Autr. By [So, Proposition 1.11], either the action 
or the coaction of Z p on R must be trivial. If the coaction is trivial, it 
follows from (4.1.6) that H is cocommutative, against the assumption. 
Therefore the action is trivial, and again by (4.1.6), we find that the 
coalgebra surjection n = id £g>e : H — > R is indeed a Hopf algebra sur- 
jection; moreover, we have kZ p = H con . Therefore, n gives rise to an 
abelian central extension (4.6.2). 

(ii) By [So, Theorems 7.7 and 7.8], R is isomorphic to a crossed 
product k Zp # a kF, where F is a finite group, with 'diagonal' action and 
coaction of kZ p . These braided Hopf algebras fit into the construction 
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described in Section 3 of [AN3]. Therefore, by [AN3, Proposition 3.7], 
there are exact sequences of Hopf algebras (4.6.3) and (4.6.4). □ 

As an application, we shall give in the following theorem a classi- 
fication result for certain semisimple Hopf algebras. A stronger result 
(without the assumption on \G(H*)\) is proved in [IK, Corollary IX. 9] 
in the context of Kac algebras. 

Theorem 4.6.5. Suppose that H is of type (1, 2; 2, n) as a coalgebra. 
Assume in addition that \G(H*)\ is even. Then H is commutative. 

Proof. We have dim if = 2(2n+l). In particular, since 4 does not 
divide dim if, it follows from Theorem 2.2.1 that every irreducible char- 
acter of degree 2 is stable under left multiplication by G(H). There- 
fore, by Remark 3.2.7, H/H(kG(H)) + is a cocommutative coalgebra. 
By assumption, G(H*) contains a subgroup T ~ Z 2 , and the projection 
q : H — > k T restricts injectively to kG(H) ~ £;Z 2 , because dimH coq = 
In + 1 is odd. Hence H := R#kZ 2 , where R ~ H/H(kG(H)) + is 
a cocommutative Yetter-Drinfeld Hopf algebra of odd dimension. By 
Proposition 4.6.1, since if is not cocommutative, if fits into an exact 
sequence 1 — > A;Z 2 — > if — > R — > 1, where R is a cocommutative Hopf 
algebra. Hence R = kF, where F is a group of order 2n + 1. 

Claim 4.6.6. TTie group F is abelian. 

Proof. By dualizing, we get an exact sequence 1 — > A; F — > if* — > 
/cZ 2 — > 1. Therefore, as an algebra, if* is isomorphic to a crossed 
product if* ~ k F # T kZ 2 , corresponding to an action — A;Z 2 xk F —> k F 
and a 2-cocycle r : Z 2 x Z 2 — > A; F . By [N], we may assume that r = 1. 

The action is in this case of the form g ^ S x = 5 g>x , for all g e Z 2 , 
x E F , where > : Z 2 x F — * F is an action by group automorphisms 
(because the extension is cocentral, see [N]). By Clifford theory, the 
irreducible if*-modules are exactly of the form V XjU = lnd^F #kGx kx ® 
U, where x G F runs over a system of representatives of the orbits of 
Z 2 in F, G x is the stabilizer of x in Z 2 and U runs over all irreducible 
nonisomorphic /cG x -modules. Note that dimV^jy = [Z 2 : G x ]. The 
assumption on the coalgebra structure of H implies that the action 
> : Z 2 x F — > F has exactly one fixed point x — 1. 

Let G AutF, 4>(x) = g > x, where 1 ^ g G Z 2 . Then (7 is an 
automorphism of order 2, with exactly one fixed point x — 1. This 
implies that F is abelian and moreover g > x = x^ 1 , for all x G F. □ 

The proof of the theorem can be now concluded as follows: we 
have a Hopf algebra inclusion k F C H* . Since the group F is abelian, 
/c F = kF is cocommutative, and thus 2n + l divides the order of G(H*). 
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Since by assumption the order of G(H*) is even, then \G(H*)\ = dimH 
and H* = kG(H*) is cocommutative. One could alternatively use the 
more general statement on abelian exact sequences that we prove in 
Lemma 4.6.7 below. □ 

Lemma 4.6.7. Suppose that H fits into an exact sequence 

1 -> k^ 2 -> H -> kF -> 1, 

where F is an abelian group of odd order. Assume in addition that H 
is of type (l,2;2,n) as a coalgebra. Then H is commutative. 

Proof. Note that the exact sequence is necessarily central, by the 
dual version of Corollary 1.4.3. Hence, in the associated matched pair 
(Z 2 , F), the action < : Z 2 xF — > Z 2 is trivial and the action > : Z 2 xF — > 
F is by group automorphisms. 

As an algebra, H ~ k %2 j^ a kF is a crossed product for the trivial 
action corresponding to < and for some 2-cocycle a : F x F —> k^ 2 , and 
as a coalgebra if ~ A; F # r /cZ 2 with respect to the action of Z 2 on k F 
corresponding to > and the trivial cocycle t; see [N]. 

To establish the lemma, it will be enough to show that the cocycle 
a is a coboundary, that is, it is symmetric. 

Let g be the generator of Z 2 . The assumption on the coalgebra 
structure of H implies, as in the proof of Theorem 4.6.5, that g acts 
on F by g > x = x~ l for all x G F. Write 

a(x,y) = a 1 (x,y)5 1 + a g (x,y)5 g , x,y e F, 

where 5i,5 g G k z ' 2 are the canonical idempotents. The normalized 
cocycle condition for o implies that a g : F x F — > k x is & 2-cocycle 
and <Ji = 1 [M]. Moreover, the compatibility condition in [M, (4.8)] 
between a and the trivial cocycle r implies that 

a g (x, y)a g (x~ 1 , y' 1 ) = 1, Vx, y G F. 

So that a g (x~ 1 ,y~ 1 ) = c g (x, for all x,y G F. But the 2-cocycle 
(3 : FxF — > /c x , (3(x,y) := cr s (a; _1 , is cohomologous to cr 9 , because 
of the injectivity of the map 

: iJ 2 (F, A; x ) - Hom(A 2 (F), A; x ), y) := a(x,y)a(y,x)- 1 . 

Hence, in H 2 (F,k x ), we have [a g ] = \J3] = [cg]^ 1 , implying that 
[a g ] 2 = 1, and a fortiori that [a g \ = 1 since the order of F is odd. This 
finishes the proof of the lemma. □ 

The following more general form of Lemma 4.6.7 was suggested by 
a comment of the referee. 
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Corollary 4.6.8. Suppose that H is of type (1,2;2, n) as a coal- 
gebra. Assume in addition that H fits into an exact sequence 

1 -> k 12 -> if -> X -> 1, 

where K is a Hopf algebra of odd dimension. Then K is cocommutative 
and H is commutative. 

Proof. Note first that K is cocommutative: this follows from Re- 
mark 3.2.7, since K ~ H/ H(kG(H)) + , and all simple subcoalgebras 
of dimension 4 are necessarily stable under left and right multiplica- 
tion by G{H). Thus K ~ kF, for some group F of odd order. In 
view of Lemma 4.6.7 the corollary will follow if we show that K is 
also commutative. We do this as follows: consider the matched pair 
(Z 2 , F) associated with H . As in the proof of Claim 4.6.6 we see that 
the assumption on the coalgebra structure of H implies that the action 
> : Z2 x F — » F is by group automorphisms and cannot have fixed 
points i^l. Then the group is abelian, and K is commutative. □ 

4.7. Transitive actions of central subgroups 

We shall assume in this section that R contains a cocommutative 
subcoalgebra V such that p(V) C kG <E> V. As before, we shall use the 
notation Gy to indicate the subgroup of G generated by Supp V. We 
have p(V) C kGv <E> V and there is a basis vi, . . . , v n of V such that 
p(vi) = gi<& where g { e Supp V, Vi = 1, . . . , n. 

Lemma 4.7.1. Suppose that there exists a central subgroup S of G 
with the property that S permutes transitively the set G(V). Then Gy 
is an abelian subgroup of G of order < dimV. 

Proof. Let G(V) = {a±, . . . , a n }. Since G(V) is a basis of V, we 
may write p(aj) = ^ ■ Uj <S> for some G A;C As a consequence of 
the /cG-colinearity of A R we get the following relations: 

(4.7.2) Ujtu = SjiUj, Vl<i,j,l<n. 

On the other hand, the coassociativity of p implies that, for all p = 
1, ... the subspace R p spanned by the set {t P j : 1 < j < n} is a 
right coideal of kG; by definition, we have kGy = Y1 P Rp- 

The assumption on S implies that R p = Rj, for all 1 < p,j < n. 
Fix p, and let tj '-—t P j, 1 < j < ^- By (4.7.2) we get that kGy, which 
is spanned by {e-,}, is a commutative subalgebra of kG of dimension 
< n. This proves the lemma. □ 
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Cocycle Deformations of Some Hopf Algebras 

In this chapter, we describe some known examples of semisimple 
Hopf algebras as cocycle twists of group algebras. We also show that 
some others cannot be obtained in this fashion. 

5.1. Lifting from abelian groups 

Let G be a finite group and let <fi E kG <E> kG be a normalized 
invertible 2-cocycle. The following lemma is a consequence of [EG5]. 

Lemma 5.1.1. The Hopf algebra (/cG% is cocommutative if and only 
if there exist a normal abelian subgroup A C G and an ad G-invariant 
cohomology class [u] E H 2 (A,k x ) such that 

(5.1.2) = w(x, y)5 x ®8 y eA®A, 

x,y£A 

where, for x E A, the element S x E A is the primitive idempotent 
defined by 5 X := — Y. a eA x< y a ) a - 

Proof. Note that (/cG% is cocommutative if and only if (fxp^i com- 
mutes with A(Gr). The 'if direction follows from this observation and 
the invariance of [uj]. The 'only if part follows from [EG5, Proof of 
Theorem 1.3]. □ 

Remark 5.1.3. Suppose that the 2-cocycle <j) has the form (5.1.2). 
Then we say that is lifted from the (not necessarily normal) abelian 
subgroup A; see [Nk]. 

Suppose that is lifted from the normal abelian subgroup A. Recall 
the isomorphism 

9:H 2 (A,k*)^}iom(A 2 (A),kX), 6([a])(x, y) = a(x, y)a(y, x)~\ 

This isomorphism commutes with the adG-action (i.e., the action com- 
ing from the adjoint action of G on A). 

Then (kG)^ is cocommutative if and only if [u] is ad G-invariant in 
H 2 (A,k x ). 

In the rest of this chapter p and q will be distinct prime numbers. 
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5.2. Examples in dimension pq 2 ; p = 1 mod g 

Suppose that p = 1 mod q. Let »4.j, 0<i<g — lbe the nontrivial 
semisimple Hopf algebras constructed in [G]. The Hopf algebras At 
are self-dual and we have G(Aq) - Z, x Z„ while G(Ai) ~ Z q 2 for all 
i — 1, . . . , q - 1; see [AN]. 

Let F — (a : aP = 1) be the cyclic group of order p and let 
r = (s, t : = t 9 = sts-H- 1 = 1) ~ Z q x Z 9 . 

Let 1 < to, / < p — 1 be units modulo p such that m g = l q = 1 
mod p. Consider the semidirect product G = F x T corresponding to 
the action by group automorphisms of T on F defined on generators 
by s.a = a m and t.a = a 1 . 

Let uj G Z 2 (T, k x ) be a nontrivial 2-cocycle; in particular, the coho- 
mology class [uj] generates H 2 (T, k x ) = Hom(A 2 r, k x ) ~ Z q . Consider 
the invertible normalized 2-cocycle = J2 X yl - r cu(x, y)5 x ®5 y G kY®kY. 

The following proposition generalizes [Nk, Example 2.9]. It also 
follows from the results in [M5, Theorem 4.8] in the case where p = 3 
and q = 2. 

Proposition 5.2.1. (i) Ao ~ (/cG% as Hopf algebras ; 

(ii) Let 1 < i < q — 1. T/ien i/ie Hopf algebras Ai cannot be obtained 
from a group algebra by twisting the comultiplication by means of a 2- 
cocycle. 

Proof, (i) We claim that the Hopf algebra (kG)^ is nontrivial. 
Note that the twisted group algebra k^Y is simple; so that is a min- 
imal twist for kT in the sense of [EG4]. Therefore we have 

fcr = {(/®id)(6); fek r }, 

where b = 02iV G AT (g> kT. 

Suppose that (kG)^ is cocommutative. This is equivalent to the 
condition bA(g) = A(g)b, for all g G G, or 

gtfg' 1 <g> gtfg' 1 = b 1 ® b 2 , Vg G G. 

Regard T as a subgroup of G by transposing the natural projection 
G — > T. For all / G T, after applying / ® id to both sides of the 
above equation, we have fi , (/(6 1 )6 2 )(y'~ 1 = f{b l )b 2 . Since T spans k r , 
this implies that T is central in G, which is a contradiction. This 
establishes the claim. 

Since T is abelian and <fi G AT ® AT, it follows G((kG)<f>) = T. We 
know that (kG)^ and (kG)*^ are of Frobenius type [EG3]. Therefore, 
by the classification results for semisimple Hopf algebras of dimension 
pq 2 [N3, Theorem 5.4.2], (A;G% ~ Ao as claimed. 
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(ii) In this case we have G(Ai) — Z 4 . Suppose on the contrary that 
Ai = {kN)j, for some group N and 2-cocycle J G kN®kN. By [EG4] 
there exists a subgroup H of N such that J G kH ® kH is a minimal 
twist for A;//. In particular, \H\ is a square and therefore \H\ = q 2 . This 
forces H ~ Z g x Z g in view of the minimality of J. But then kH C 
(kN)j is a Hopf subalgebra of dimension g 2 , necessarily isomorphic to 
kG(Ai). This is a contradiction. Thus part (ii) follows. □ 

5.3. Examples in dimension pq 2 ; q = 1 mod p 

Suppose that q — 1 mod p. There is a family of Hopf algebras of 
dimension pq 2 , constructed in [N] as a generalization of the examples 
in [M3]. This family is parametrized by the Hopf algebras B\, < A < 
p — 1, where A A' 7^ 1 mod p. 

We have G(B X ) ~ Z q x Z q for all A, \G(B* X )\ = p for A > 0, and 
G{Bl) ~ Z M . 

Let F and T be as before. Let G = Ga be the semidirect product 
r x F with respect to the action of F on V given by a.s = s n , a.t = t n , 
where 0<n<g— lis such that n p = 1 mod q, and < A < p — 1. 

Let [uj] G H 2 (T,k x ) be the 2-cocycle corresponding to the skew- 
symmetric non-degenerate bicharacter Q : T x T — > A; x , t>) = 
det(wf ). 

We have Q(a.u,a.v) = n x+l Q(u,v). Therefore, the bicharacter Q, 
and hence also the class [uj] is not adG-invariant. 

Consider the 2-cocycle <fi G kG ® /cG lifted from V as in Remark 
5.1.3, corresponding to uj. 

Proposition 5.3.1. (i) B x ^ (kGx)^ as Hopf algebras; 
(ii) The Hopf algebras B\ are not a cocycle deformation of any finite 
group. 

In the case where p — 2, part (i) of the proposition is contained in 
[M10, Proposition 3.2]. 

Proof. Part (i) follows from the above discussion, in view of the 
classification results for semisimple Hopf algebras of dimension pq 2 and 
the description in [N, 1.4]. 

Part (ii) follows from an argument similar to the one used to prove 
part (ii) of Proposition 5.2.1, since B* x contains no Hopf subalgebra of 
square dimension. □ 

5.4. Normal Hopf subalgebras in cocycle twists 

Let H be a semisimple Hopf algebra and let G (H ® H) x be a 
2-cocycle. 



5.4. NORMAL HOPF SUBALGEBRAS IN COCYCLE TWISTS 



45 



Lemma 5.4.1. Let B C H be a Hopf subalgebra of H . Then B is 
a Hopf subalgebra of if and only if (f)(B £g> B)(j)~ l = B <g> B. In this 
case, B is normal in H if and only if it is normal in H^. 

Note that the Hopf algebra structure on B as a Hopf subalgebra of 
is not a priori that of a 2-cocycle twisting of B, since we may not 
have G B <g> B. 

Proof. The first part of the lemma follows easily. As for the sec- 
ond part, recall that B is normal in H if and only if HB + = B + H, 
which depends only on the multiplication and the counit of H. □ 

The following corollary is an easy consequence of the lemma. 

Corollary 5.4.2. Suppose that B C H is a central Hopf subalge- 
bra. Then B is a central Hopf subalgebra of H^. □ 

In particular, let G be a finite group and let G kG ® kG be a 
two cocycle. Then if Z(G) ^ 1, (kG)<j, contains a nontrivial central 
group-like element. 

The remaining chapters will be devoted, respectively, to the proof 
of our main results on semisimple Hopf algebras of dimension 24, 30, 
36, 40, 42, 48, 54 and 56. 



CHAPTER 6 



Dimension 24 

6.1. Possible (co)-algebra structures 

Let H be a nontrivial semisimple Hopf algebra of dimension 24. 

Lemma 6.1.1. The group G(H*) is of order 2, 3, 4, 6, 8 or 12. As 
an algebra, H is of one of the following types: 



1,2 


2,1; 3, 2), 


1,3 


2, 3; 3,1), 


1,4 


2,5), 


1,4 


2,1; 4,1), 


1,6 


3,2), 


1,8 


2,4), 


1,8 


4,1), 


1,12; 2, 3). 



We shall prove later that the type (1, 4; 2, 1; 4, 1) is impossible, that 
is, there exists no semisimple Hopf algebra with this (co) algebra struc- 
ture; see Lemma 6.1.7 below. The analogous result for Kac algebras 
follows from [IK, Proposition XIV. 37], since there is no group G for 
which kG has this algebra structure. 

Proof. The proof follows from counting arguments using 1.1. □ 

REMARK 6.1.2. (i) If H is of type (1,12; 2, 3) as an algebra, then 
H is not simple by Corollary 1.4.3. 

(ii) Suppose that H is of type (1, 2; 2, 1; 3, 2) as an algebra. Then 
H has a unique irreducible character x of degree 2, which necessarily 
satisfies (2.1.2) with G(H*) = {e, g}. Therefore there is a quotient Hopf 
algebra H — > A;S> 3 , where S3 is the only non-abelian group of order 6. 

(iii) Suppose that H is of type (1, 4; 2, 5) or (1, 4; 2, 1; 4, 1) as a coal- 
gebra. Then, by Proposition 2.1.3, H contains a non-cocommutative 
Hopf subalgebra of dimension 8. 

Lemma 6.1.3. Suppose that H is of type (1, 3; 2, 3; 3, 1) as a coal- 
gebra. Then G{H*) n Z(H*) ^1. 
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Proof. It follows from Remark 2.2.2 (i) that H has a Hopf sub- 
algebra K of dimension 12. Since the index of K in H is 2, then 
G(H*)r\Z(H*)^l. □ 

Lemma 6.1.4. Assume that H is of type (1,6; 3, 2) as a coalgebra. 
Then H is not simple. 

Proof. Suppose on the contrary that H is simple. Then H must 
be of type (1, 2; 2, 1; 3, 2) or (1,6; 3, 2) as an algebra. Otherwise, by 
Lemma 6.1.1, Remark 6.1.2 and Lemma 6.1.3, there is a Hopf algebra 
quotient H if, where dim if = 8. Therefore dimH coH = 3. Decom- 
posing H coH as a direct sum of irreducible left coideals of if (of dimen- 
sion 1 or 3), we find that H co71 C kG(H) and thus H co7T = kT ~ k T is 
a Hopf subalgebra, where T is the unique subgroup of G(H) of order 
3; this implies that if is not simple. 

Therefore, there is a quotient Hopf algebra n : H — > A, where A is 
of dimension 6. We have dim if C07r = 4, implying that H con — kl © V, 
where V is an irreducible left coideal of dimension 3. It follows that 
the restriction ir\kG(H) '■ kG(H) — > A is an isomorphism. In particular, 
A ~ A;G and if ~ R#kG is a biproduct, where C7 = G(H). The lemma 
follows from Proposition 4.4.6. □ 

Lemma 6.1.5. Suppose that H is simple. If H has a Hopf subalgebra 
of dimension 8, then H is of type (1, 2; 2, 1; 3, 2) as an algebra. 

Proof. By assumption, there is a Hopf algebra quotient H* — > £?, 
where dim 5 = 8; so that dim(H*) coB = 3 and thus (H*) coB = kl © 
V as a left coideal of if*, where V is an irreducible left coideal of 
dimension 2. 

Suppose that H is not of the claimed type as an algebra. In view 
of Lemma 6.1.1 and the previous lemmas, there is a Hopf subalgebra 
A C H*, with dim A = 8. We have A n (if*) coB = fcl, unless V C 
A. However, the last possibility implies that (H*) coB C A, which 
contradicts Lemma 1.3.4. Therefore, H* = R#A is a biproduct, where 
R is a 3-dimensional Yetter-Drinfeld Hopf algebra over A. 

By Corollary 4.3.4 and Proposition 4.4.6, H is not simple in this 
case. Thus H is of type (1, 2; 2, 1; 3, 2), as claimed. □ 

Corollary 6.1.6. Suppose that H is of coalgebra type (1,8; 2, 4) 
or (1, 8; 4, 1). Then H is not simple. 

Proof. In both cases we have \G(H)\ = 8. By Lemma 6.1.5 and 
Remark 6.1.2 (ii) we may assume that there is a Hopf algebra quotient 
q : H — > B, where dim_B = 6. Since dimif coB = 4, then dim H coB fl 
kG(H) = 2 or 4. The last possibility implies that H is not simple, and 
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the first one implies that dim q(kG(H)) = 4 which contradicts [NZ]. 
This proves the corollary. □ 

Lemma 6.1.7. There exists no semisimple Hopf algebra with coal- 
gebra type (1, 4; 2, 1; 4, 1). 

Proof. Suppose on the contrary that H is of type (1,4; 2, 1; 4, 1) as 
a coalgebra. The set of irreducible characters of H* consists of G(H), 
one irreducible character A of degree 2 and one irreducible character ip 
of degree 4. Then G(H) and A span a standard subalgebra of R(H*), 
which corresponds to the Hopf subalgebra B C H, with dim B = 8. By 
[M4], B is isomorphic to H s or to k G , where G is either the dihedral 
or the quaternionic group of order 8. 

It is not hard to see that the fusion rules in R(H*) are determined 
by A 2 = EgeG(tf) 9, ip 2 = Y, 9 eG{H) 9 + 2A + 2ip; in particular, we have 
gip = if) = ipg, for all g G G(H), and \ip = 2ip = 

CLAIM 6.1.8. B is commutative. 

Proof. Let C C H be the 16-dimensional simple subcoalgebra 
corresponding to ip. By Remark 3.2.2 the fusion rules for H* imply 
that BC = C = CB. Let C = C/CB + ; so that C is a cocommutative 
coalgebra of dimension 2. 

By Corollary 3.2.5 there is a bijective correspondence between sim- 
ple C-comodules and simple -B a -modules, for some invertible normal- 
ized 2-cocycle a : B <g> B — > k. 

Suppose that B is not commutative; so that B ~ H 8 is the unique 
nontrivial semisimple Hopf algebra of dimension 8. It follows from [M5, 
Theorem 4.8 (1)] that any Galois object of B is trivial; so that B a ~ B 
as fi-comodule algebras. This is impossible since B has more than 2 
non- isomorphic simple modules. Hence B must be commutative. □ 

We have B ~ k G , where G is not abelian of order 8. If B is normal 
in H, then H fits into an abelian extension 1 — > k G — > H — > fcF — > 1, 
where F is the cyclic group of order 3. 

Consider the associated matched pair t> : G x F — > F, <i:GxF^ 
G; see [M]. There exists a subgroup Go of G, with |Go| = 4, which 
acts trivially on F. The compatibility conditions between > and < 
imply that G is stable under the action of F. This implies, in view of 
formulas (4.2) and (4.5) in [M], that the subspace A = k F <g> kG is a 
Hopf subalgebra of H* of dimension 12, necessarily normal. 

We have H ~ k G j^ a kF is a crossed product, and the irreducible 
H- modules are of dimension 1 or 3. We may assume H is not com- 
mutative, since otherwise H* = k(F x G) would have no irreducible 
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modules of dimension 4. By Lemma 6.1.1, if* is of type (1, 6; 3, 2) as a 
coalgebra. Hence A is commutative, and if* fits into an abelian exten- 
sion 1 — > Aq — > if* — > /cZ 2 — > 1. Then the irreducible if -comodules are 
of dimension 1 or 2. In particular, if* cannot have irreducible modules 
of dimension 4. This shows that B is not normal in H . 

CLAIM 6.1.9. H is of type (1, 2; 2, 1; 3, 2) as an algebra. 

Proof. Since B is not normal in H, then (H*) coB * = kl © V, 
where V is an irreducible left coideal of dimension 2. Suppose H is 
not of type (1, 2; 2, 1; 3, 2). Combining Theorem 2.5.1 with Lemma 
6.1.1, we see that the possible coalgebra types for H* are (1,4; 2, 5) 
and (1,8; 2, 4). 

By Remark 6.1.2, H* contains a Hopf subalgebra K of dimension 8. 
By Lemma 1.3.4, KC\ (H*) coB * = kl. Hence K ~ B* is cocommutative 
and H* is a biproduct if* ~ R#K, where dim R = 3. 

By Lemma 4.4.4, there exists a normal subgroup 1 ^ N C G{K) 
such that TV commutes with R. Since |G(fr)| = 8, N C so 
that iV commutes also with fT. Therefore iV is central in H*, and iJ* 
has a central group-like element of order 2. This is a contradiction, 
since H has no Hopf subalgebra of dimension 12. Hence H is of type 
(1, 2; 2, 1; 3, 2) as an algebra, as claimed. □ 

The irreducible characters of degrees 1 and 2 belong to a commu- 
tative Hopf subalgebra A C if*. 

CLAIM 6.1.10. A normal in H* . 

Proof. Consider the projection q : H* — > k G( - H \ Then we have 
dim(iJ*) c ° 9 = 6. Suppose that A is not normal. Then q is not normal, 
and G(H*) n (iJ*) co ^ = 1. Let 1 ^ g G G(H*). Thus there exists 
s G G(H) such that ((?, s) 7^ 1. Therefore, we must have H coA * = 
kl © kt © V, where V is an irreducible left coideal of dimension 2. In 
particular, H coA * =B coA * CB. 

Since [if : B] = 3, it follows from Lemma 2.3.2 and Proposition 
2.3.1 that G(D(H)*) ^ 1; hence if has a one dimensional Yetter- 
Drinfeld module. 

Note that G(H*) n Z(if*) = 1 and G(if) nZ(if) = 1, since neither 
if nor if* contain Hopf subalgebras of dimension 12. 

By Lemma 1.6.1, a one dimensional Yetter-Drinfeld module of ff 
is of the form V a ,g-, for some 1 7^ a G G(H). Consider the projection 
g : ff — > fc^. Since i? is commutative, a~ l ha = h, for all ft, G -B c ° 9 . By 
Theorem 1.6.4, B coq is a Hopf subalgebra of 5, which is a contradiction. 

□ 
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The above claim implies that H* fits into the abelian extension 

1 -> k G -> #* -> A;F -> 1, 

where G ~ § 3 and F ~ Z 2 x Z 2 . 

Then H* is isomorphic to a crossed product k G j^ a kF as an alge- 
bra. Using Clifford theory, we know that the isomorphism classes of 
irreducible modules of H* are exactly the classes of the modules 

V x , p :=Ind%G #kaFx X® p, 

where x runs over a system of representatives of the action of F in G, 
F x C F is the stabilizer of and p is an irreducible representation of 
a twisted group algebra k a F x . 

We have dim V X:P = dim p[F : F x ]. The assumption on the coalgebra 
structure of H implies that dim V XjP = 4, for some x G G. This implies 
that [F : F x \ = 4 (because we cannot have [F : F x \ = dimp = 2). 
Hence, the orbit of x has 4 elements, and there must exist 1 ^ y G G 
such that F y = F. This implies that \G(H)\ = 8 and gives a contra- 
diction. This contradiction shows that H cannot have this coalgebra 
structure and finishes the proof of the lemma. □ 

Lemma 6.1.11. Assume that H is of type (1, 2; 2, 1; 3, 2) as a coal- 
gebra. Then H is not simple. 

Proof. Suppose on the contrary that H is simple. By previous 
lemmas, H* is of type (1, 4; 2, 5) or (1, 2; 2, 1; 3, 2) as a coalgebra. 

Claim 6.1.12. H* is of type (1,4; 2, 5) as a coalgebra. 

Proof. Suppose not. Then H* is of type (1, 2; 2, 1; 3, 2). 

Hence, there is a Hopf algebra quotient q : H — > B, where dimi? = 
6 and B is co commutative; in particular, dimH coB = 4. On the other 
hand, H contains a unique Hopf subalgebra A of dimension 6 which is 
not cocommutative and such that G(H) C A. 

As a left coideal of H, H coB = kG(H)®V, where V is an irreducible 
left coideal of dimension 2, or else H coB = kl © W, where W is an 
irreducible left coideal of dimension 3. 

The first possibility implies H coB C A, which contradicts Lemma 
1.3.4. The second possibility implies that AC\H coB = kl and therefore 
the restriction q\& : A — > B is an isomorphism. This is impossible, 
since A is not cocommutative. Hence the claim follows. □ 

By Remark 6.1.2 (iii), there is a Hopf subalgebra B C H* of coal- 
gebra type (1,4; 2,1). 
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Since [H* : B] — 3, it follows from Lemma 2.3.2 and Proposition 
2.3.1, G(D(H)*) 7^ 1. By Lemma 1.6.1, this is the form V 9:V , for some 
1 ^ g e G(H) and 1 ^ rj e G(H*). 

Consider the projection q : H — > fc^. Since A is commutative, 
g _1 ag = a, for all a e A c ° 9 . By Theorem 1.6.4, A co<? is a Hopf subalge- 
bra of A. This implies that A coq = A C H coq . In particular, t)\a = e, 
and this r] is the only group-like element of H* with this property: 
otherwise, A = H coG( - H *^ and H is not simple. 

Necessarily, (fp) co ^* — kl ® ks ® U, where U is an irreducible 
left coideal of B of dimension 2. It follows from Corollary 3.5.2, that 
s e G(B) n Z(B). Also, s\ A = e; therefore 5 = 77. 

On the other hand, (#*) coA * c (H*) coG ( H \ Since 5 cannot be 
contained in (H*) coG W by [NZ], we see that B coG W = b coA * = 
kl®ks® U. 

By Remark 1.6.2, V s>g is a Yetter-Drinfeld module of H*. Since 
s G Z(B), applying again Theorem 1.6.4, we see that B coG ^ is a Hopf 
subalgebra of B. This is a contradiction, because of the decomposition 
of B coG ( H ^ as a left coideal of if*. This contradiction finishes the proof 
of the Lemma. □ 

6.2. Upper and lower semisolvability 

Our aim in this section is to prove that semisimple Hopf algebras 
of dimension 24 are both upper and lower semisolvable. We first need 
the following lemma: 

Lemma 6.2.1. Suppose that H is not simple. Then H is upper and 
lower semisolvable. 

Proof. We shall show that H is lower semisolvable, and the other 
statement will follow by duality. Note that every semisimple Hopf 
algebra of dimension less than 24 is upper and lower semisolvable; see 
Table 1. Therefore if H has a normal quotient H — > H, where H 
is commutative or cocommutative, then H is lower semisolvable. In 
particular, we may assume that G(H*) n Z(H*) = I. This, combined 
with Lemma 6.1.3 and Remark 6.1.2 (i), allows us to suppose that H 
is neither of type (1, 3; 2, 3; 3, 1) nor (1, 12; 2, 3) as a coalgebra. 

By assumption, H fits into an extension 

1 ► A ► H — H ► 1, 

and we may assume that H is not trivial. Thus dimiJ = 8 or 12, and 
dim A = 3 or 2, respectively. 

In the first case, we may suppose that H is of type (1, 6; 3, 2) as a 
coalgebra, by Lemma 6.1.1. In particular, G(H) has a unique (normal) 
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subgroup G of order 3, which must coincide with the stabilizer of all 
simple subcoalgebras of dimension 9, such that A = kG; Remark 3.2.7 
now implies that the quotient H = H/H{kG) + is cocommutative, and 
H is semisolvable. 

Suppose finally that dim H = 12 and dim A = 2. We observe that 
if \G(H*)\ = 12, then any subgroup of order 3 must be contained in 
(H*) coA * ~ H ; thus 3/\G(H )| and H is commutative or cocommu- 
tative. Hence, we may assume that \G(H*)\ ^ 12. 

If H is not trivial, then its simple subcoalgebras are of dimension 1 
or 4 [F]. Therefore, by Corollary 3.3.2, we may assume that H contains 
no simple subcoalgebra of dimension 9; this implies that \G(H) \ = 4 or 
8, by Lemma 6.1.1. Also, 4 = \G{H )\ divides \G(H*)\, hence we must 
only consider the cases \G(H*)\ = 4 or 8. 

It turns out in this case, that both H and H* contain Hopf subal- 
gebras of dimension 8. If B C H, K C H*, with dimB = dim if = 8, 
then B n H coK * = kl, by Lemma 1.3.4. Hence H = R#B, where B is 
a Hopf subalgebra of dimension 8. 

If B is not cocommutative, then by Corollary 4.3.4, H has a normal 
Hopf subalgebra of dimension 12, implying that G(H*) H Z(H*) ^ 1; 
hence we are done in this case. If B = kG(H) is cocommutative, it 
follows from the proof of Lemma 4.4.4 (ii) that H has a normal Hopf 
subalgebra of dimension 4. Thus H is semisolvable in this case as well. 
This completes the proof of the lemma. □ 

Theorem 6.2.2. Let H be a semisimple Hopf algebra of dimension 
24. Then H is upper and lower semisolvable. 

Proof. It will be enough to show that if is not simple. This follows 
from Remark 6.1.2 (i), Lemmas 6.1.3, 6.1.4 and Corollary 6.1.6, if H is 
of type (1, 12; 2, 3), (1, 3; 2, 3; 3, 1), (1, 6; 3, 2), (1, 8; 2, 4) or (1, 8; 4, 1), 
respectively. Also, from Lemma 6.1.11, H is not simple if H is of type 
(1, 2; 2, 1; 3, 2) as a coalgebra. Hence, we may assume that H is of type 
(1, 4; 2, 5) as a coalgebra, and by Remark 6.1.2 (iii), H contains a Hopf 
subalgebra of dimension 8. Applying Lemma 6.1.5, we find that H* is 
of type (1, 2; 2, 1; 3, 2) as a coalgebra, and H is not simple by Lemma 
6.1.11. □ 



CHAPTER 7 



Dimension 30 

In this chapter H will denote a semisimple Hopf algebra of dimen- 
sion 30 over k. By [N, Theorem 4.6], if H fits into an abelian extension 

1 -> k r -> if -> A;F -> 1, 

where T and F are finite groups, then if is trivial. 

7.1. Possible (co)-algebra structures 

We shall assume in this section that H is nontrivial, and reduce the 
possibilities for its algebra and coalgebra structures. 

Lemma 7.1.1. The group G(H*) of group-like elements in H* is of 
order 2, 3, 5, 6 or 10. As an algebra, H is of one of the following types: 



• 


(1,2; 2, 7), 


• 


(1,3; 3, 3), 


• 


(1,5; 5,1), 


• 


(1,6; 2, 6), 


• 


(1,10; 2, 5) 



Proof. It follows from 1.1 that n := \G(H*)\ ^ 15, and if n — 
3, 5, 6 or 10, these are the only possible algebra types for H . Suppose 
that n = l; again by 1.1, it follows that the set of degrees of non- 
linear irreducible representations of H has at least three elements and 
necessarily H has an irreducible module of degree 2. This is impossible 
by Corollary 2.2.3. Suppose finally that n = 2. Then, as an algebra, H 
must be either of type (1, 2; 2, 7) or (1, 2; 2, 3; 4, 1). By Theorem 2.2.1, 
G[x] = G(H*) is of order 2, for all irreducible character \ such that 
x(l) — 2. The second possibility implies, by Theorem 2.4.2, that H has 
a quotient Hopf algebra of dimension 2 + 4.3 = 14, which contradicts 
[NZ]. This completes the proof of the lemma. □ 

Remark 7.1.2. (i) Observe that if H is of type (1,5; 5,1) as an 
algebra, the irreducible character of degree 5 is stable under multi- 
plication by G(H*). Also, if H is of type (1,3; 3, 3) as an algebra, 
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every irreducible character ip of degree 3 is stable under multiplica- 
tion by G(H*)\ this can be seen decomposing the product ipip* into 
irreducibles and using the relation (1.2.3). 

In the other cases, after Theorem 2.2.1, all irreducible characters 
X of degree 2 have nontrivial isotropy, i.e., G[x] is of order 2 for 
all such characters. Combining this observation with Corollary 3.3.2 
and Remark 3.2.7 we find that, in any case, the quotient coalgebra 
H* I ' H*(kG(H*)) + is cocommutative. 

(ii) Suppose that H is of type (1, 10; 2, 5) or (1, 6; 2, 6) as an algebra. 
Then the group G(H*) is abelian. 

Proof. By part (i), for all irreducible character x of degree 2 we 
have G[x] ^ 1. The claim follows from Proposition 1.2.6. □ 

Lemma 7.1.3. Suppose that H is of type (1,2; 2, 7) as a coalgebra. 
Then H is commutative. 

Proof. Note first that if G(H) C Z(H), in view of Remark 7.1.2, 
H fits into an abelian extension 1 -> kG(H) -> H -> H/H(kG{H)) + -> 

1, thus implying the lemma, in view of [N]. 

By Lemma 7.1.1, \G{H*) \ ^ 1. If |G(if*)| is even, the lemma follows 
from Theorem 4.6.5 and [N]. We may thus assume that \G(H*) \ is odd. 

Consider the projection q : H — > £?, where 5 = k G ( H *\ Since the 
dimension of S is odd and G(H) is of order 2, we must have G(H) C 
jjcoB Therefore, as a left coideal of H , H coB decomposes in the form 
H coB = kG(H) © Vi © • • • © V m , where \^ is an irreducible left coideal 
of H of dimension 2, for alH = 1, . . . ,m. For 1 < i < m, let Cj be 
the simple subcoalgebra of if containing V^. By Remark 7.1.2, we have 
gCi = Ci = Cig, for all g e G(H); in particular, kG(H) C fc[Cj]. 

Claim 7.1.4. C Z(k[C$, for all i = 1, . . . , m. 

Proof. Observe that Vi appears in H coB with multiplicity at most 

2, and moreover that Vi appears with multiplicity exactly 2 if and only 
if Ci C H coB . Consider first the case where m(Vi, H coB ) = 2. Then 
k[Ci] C H coB , whence dim k [Cj] < dimH. Then k[Cj\ is commutative 
and the claim follows. 

Suppose now that m(V h H coB ) = 1. Let V = VJ. Note that gV and 
are irreducible left coideals of H isomorphic to V, and gV, Vg C 
H coB . The multiplicity condition on F implies that giV — V — Vg, 
and the claim follows in this case from Corollary 3.5.2. □ 

Let A = k[Ci : 1 < % < m]. This is a Hopf subalgebra of ff, 
and the claim implies that kG(H) C Z(A). Hence, we may assume 
that AC. H. Since also H coB C. A, & dimension argument implies that 
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ff co = A and A is commutative. Thus the map q is normal, and H 
fits into an abelian extension 1 — > A — > — > k G ( H *^ — > 1. This implies 
the lemma in view of [N]. □ 

Lemma 7.1.5. Suppose that H is of type (1,3; 3, 3) as a coalgebra. 
Then H is commutative. 

Proof. By Lemma 7.1.3, H is not of type (1, 2; 2, 7) as an algebra. 
Suppose first that \G(H*) \ is divisible by 3. Then, by Lemma 4.1.9, H is 
isomorphic to a biproduct H ~ R^kG(H), where R is cocommutative 
by Remark 7.1.2 (i). Then the lemma follows in this case by Proposition 

4.6.1 and [N]. Hence we may assume that H is not of type (1,3; 3, 3) 
nor (1,6; 2, 6) as an algebra. Similarly, if H is of type (1,10; 2, 5) as 
an algebra, then H fits into an exact sequence 1 — > kG(H) — > H — > 
}J3{h*) _^ i anci fcG{H*) ^ h / H(kG(H)) + is cocommutative. Hence 
the result follows by [N]. 

Suppose finally that H is of algebra type (1, 5; 5, 1). Let C be the 
unique simple subcoalgebra of dimension 25 of H*. It is clear that 
H* = k[C] is generated by C as an algebra. Consider the projection q : 
H* -> k G(H *>; we have dim(#*) co « = 10. Since \G(H)\ and \G(H*)\ are 
relatively prime, we have G(H*) C (H*) coq . By dimension restrictions, 
(_H"*)co5 = ^^(iJ*) © V, where V C C is an irreducible left coideal 
of dimension 5. Let g be a generator of G(H*); since V is the only 
5-dimensional irreducible coideal contained in (H*) coq , then we must 
have gV = V = V g. By Corollary 3.5.2 kG(H*) is normal in H*. This 
implies the claim in this case, in view of [N], since the quotient Hopf 
algebra H* / H*(kG(H*)) + is cocommutative, by Remark 7.1.2 (i). This 
completes the proof of the lemma. □ 

Lemma 7.1.6. Suppose that H is of type (1,6; 2, 6) as an algebra. 
Then H is of type (1, 6; 2, 6) as a coalgebra. 

Proof. Suppose not. It follows from Lemmas 7.1.1, 7.1.3 and 
7.1.5, that G(H) has a subgroup T of order 5. Since \G(H*)\ = 6, 
we have a sequence of Hopf algebra maps 

(7-1.7) k T — H k G ^ H *\ 

In particular, ir(a) = 1, for all a E T, implying that kT C H C07T , 
and since dim# co ^ = [H* : kG(H*)\ = \T\, we have kT = H con . 
Therefore (7.1.7) is an exact sequence of Hopf algebras. By Remark 

7.1.2 (ii), kT and k G( - H *^ are both commutative and cocommutative; 
hence the extension is abelian. This implies that H is trivial, against 
the assumption. This finishes the proof of the lemma. □ 
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Lemma 7.1.8. Suppose that H is of type (1,5; 5,1) as a coalgebra. 
Then H is commutative. 

Proof. By Lemmas 7.1.1, 7.1.3, 7.1.5 and 7.1.6, G(H*) is of or- 
der 5 or 10. Let L C G(H*) be a subgroup of order 5, and consider 
the sequence of Hopf algebra maps kG{H) — - — > H — — -> k T '• Then 
dimH con = [H* : kT] = 6 and kG(H) n H con = kl by [NZ]. Then the 
composition 7T6 : kG(H) — > A; r is an isomorphism, and therefore if is 
isomorphic to a biproduct R#kG, where G = G(H) is a group of order 
5 and R is a semisimple Hopf algebra of dimension 6 in the category 
of Yetter-Drinfeld modules over G. 

In particular, R ~ H / H{kG(H)) + as a coalgebra, and thus R is 
cocommutative by Remark 7.1.2 (i). By Proposition 4.6.1, H fits into 
an abelian extension and the result follows from [N]. □ 

Lemma 7.1.9. Suppose that H is of type (1, 10; 2, 5) as a coalgebra. 
Then H is commutative. 

Proof. By previous lemmas H is, as an algebra, necessarily of 
type (1,10; 2, 5). In view of Lemma 4.1.9, this implies that G(H) ~ 
G(H*) are abelian and H is isomorphic to a biproduct R^kG(H), 
where dimi? = 3. Thus R is cocommutative and commutative, and 
since the action of G(H) on R is by coalgebra automorphisms, we have 
that the unique subgroup of order 5, L, of G(H) acts trivially on R. 

Then T C Z(H), and there is an exact sequence 1 — * kT — > H — > 
H — > 1, where dimiJ = 6. Note that is cocommutative; other- 
wise H ~ k F , where F is the only non-abelian group of order 6. But 
this implies that F = G((k F )*) is a subgroup of G(H*), which is a 
contradiction. The lemma follows from [N]. □ 

7.2. Classification 

In this section we aim to give a proof of Theorem 2. For this, we 
shall consider the possible structures given by Lemma 6.1.1. 

Proof of Theorem 2. By Lemmas 7.1.1, 7.1.2, 7.1.8 and 7.1.9, we 
may assume that H and H* are both of type (1, 6; 2, 6) as coalgebras. 
In view of Remark 7.1.2 (ii), the group G(H) is cyclic. 

Let F be the unique subgroup of order 2 of G(H). By Remark 7.1.2 
(i) all irreducible characters of degree 2 are stable under multiplication 
by F, and therefore the quotient coalgebra H/H(kF) + is cocommu- 
tative. Clearly, H is a biproduct R#kF, and R ~ H/H(kF) + is a 
cocommutative coalgebra. This implies that H fits into an abelian 
extension in view of Proposition 4.6.1, and H is trivial by [N]. □ 
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Dimension 36 



8.1. Reduction of the problem 

Let if be a nontrivial semisimple Hopf algebra of dimension 36 over 



k. 



Lemma 8.1.1. The order of G(H*) is either 2, 3, 4, 6, 9, 12 or 18 
and as an algebra H is of one of the following types: 

fl, 2; 2, 4; 3,2), 
1,3; 2, 6; 3,1), 
1,4; 2,8), 
1,4; 2, 4; 4,1), 
1,4; 4, 2), 
1,6; 2, 3; 3, 2), 
1,9; 3, 3), 
;i,12;2,6), 
;i,18;3,2). 

By [GN] there is a simple Hopf algebra 7i with algebra and coal- 
gebra type (1, 4; 2, 4; 4, 1). By construction, 7i = (kG)$ is a twisting 
of the group algebra of G = D% x _D 3 with respect to a non-degenerate 
2-cocycle G Z 2 x Z 2 . Moreover, Ti is the only twisting of a group of 
order 36 that is simple, and we have H ~ 7^* c °p [GN, 4.3]. 

Proof. It follows from 1.1 that G(H*) = 1 is impossible. It fol- 
lows as well that the only possibilities for the algebra types are the 
prescribed ones if \G(H*)\ equals either 3, 4, 6, 9, 12 or 18. 

Finally, if \G(H*) \ = 2, a counting argument gives that H must be 
of type (1,2; 2, 4; 3, 2) or (1, 2; 3, 2; 4, 1). In the last case, H has two 
characters of degree 1, e and g, two irreducible characters of degree 3, 
ipi and ip2, and one irreducible character of degree 4, (. Since G[ipi] = 1, 
because G(H*) is of order 2, then gipi = ip 2 ] on the other hand, g( = 
( because ( is the only irreducible character of degree 4. Counting 
dimensions, we obtain ipiip* = e + 2£, i = 1,2. Thus miipi, (ipi) = 
m(( , ipiip*) = 2, and therefore 

CV'i = 2^i + r^ 2 + s( = g(ip! = 2^2 + W'i + <, 
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implying that r = 2 and (ipi = + 2ip 2 = C02- 

Since * fixes ( and permutes the set {ipi,^}, and also since ipiC — 
we find that m({, ^C) = 0, i = 1, 2. But m(C, ^C) = ™(^, CC*), 
so that ((* decomposes in the form ((* = e + g + r(, r G Z + . Taking 
degrees we see that this is impossible. This discards the possibility 
(1, 2; 3, 2; 4, 1) for the algebra type of H and finishes the proof of the 
lemma. □ 

Remark 8.1.2. (i) Suppose that H is of type (1,18; 3, 2). Then, 
by Corollary 1.4.3, G{H*) n Z(H*) + I. 

(ii) Suppose that H is of type (1, 2; 2, 4; 3, 2) as a coalgebra. Since 
\G(H)\ = 2, H contains no Hopf subalgebra of dimension 12. By 
Remark 2.4.3 (i), the irreducible characters of degrees 1 and 2 give rise 
to a Hopf subalgebra of dimension 18. Therefore, in view of Corollary 
1.4.3, G(H*)nZ(H*) ^ 1. 

(iii) Suppose that H is of type (1, 6; 2, 3; 3, 2) as a coalgebra. Then 
for every irreducible character x of degree 2, we must have \G[x} \ = 2 
(because there are only 3 such characters) and H has no simple sub- 
coalgebra of dimension 16. Hence, also here, the irreducible characters 
of degrees 1 and 2 give rise to a Hopf subalgebra of dimension 18. 
Therefore G(H*) n Z(H*) ^ 1. 

(iv) If H is of type (1, 4; 4, 2) as a coalgebra, then H does not contain 
any left coideal subalgebra of dimension 3. Therefore H* contains no 
Hopf subalgebra of dimension 12. 

Lemma 8.1.3. Suppose that H is of type (1, 3; 2, 6; 3, 1) as a coal- 
gebra. Then H is not simple. 

Proof. By Theorem 2.2.1, H has a unique Hopf subalgebra A of 
dimension 12, which contains G(H) and the unique simple subcoalgebra 
of dimension 9 of H . 

The classification of semisimple Hopf algebras of dimension 12 [F] 
implies that A is commutative. Therefore dim V < [H : A] = 3 for all 
irreducible if-module V; see for instance Corollary 3.9 in [AN2]. Then, 
by the previous remark, we may assume that H* is, as a coalgebra, of 
one of the types (1, 3; 2, 6; 3, 1), (1, 4; 2, 8), (1, 9; 3, 3) or (1, 12; 2, 6). 

Suppose that H* is of type (1,9; 3, 3) as a coalgebra. We have a 
Hopf algebra projection q : H* — > A*, such that dimif* coA * = 3. This 
projection is necessarily normal, thus H is not simple in this case. 

If H* is of type (1, 3; 2, 6; 3, 1) as a coalgebra, then also H* contains 
a commutative Hopf subalgebra B ~ A of dimension 12. We have a 
Hopf algebra projection q : H — > B*, for which dimiJ coB * = 3. Then 
we may assume A D H coB * = kl and the restriction q\ A : A — > B* 
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is an isomorphism. Thus A is cocommutative, which is absurd. This 
contradiction discards this type. 

Similarly, if H* is of type (1, 12; 2, 6) as a coalgebra, then if is a 
biproduct H = R#A, where R is a braided Hopf algebra over A of 
dimension 3. Since the irreducible A-comodules are of dimension 1 or 
3, we must have p(R) C kG(A) <g> R. This implies that R is a braided 
Hopf algebra over kG(A) and the biproduct K = R^kG(A) is a Hopf 
subalgebra of H. But dimK = 9 and K is thus cocommutative, which 
contradicts \G(H)\ = 3. Thus this type is not possible. 

Finally suppose that H* is of type (1,4; 2, 8) as a coalgebra. Con- 
sider the surjective Hopf algebra map H* — > A*, so that dim(iJ*) coyl * = 
3 and we may assume that (_f/~*) coA * — kl © V as a left coideal of if*, 
where V is an irreducible coideal of dimension 2. By Theorem 2.5.1 H* 
contains a Hopf subalgebra B of dimension 12 such that B is not co- 
commutative. As in the previous paragraphs, it turns out that A ~ B* , 
which is a contradiction. This finishes the proof of the lemma. □ 

Lemma 8.1.4. Suppose that H is of type (1,9; 3, 3) as a coalgebra. 
Then H is not simple. 

Proof. If \G(H*)\ = 9, then H = R#kG(H) is a biproduct and 
the lemma follows from Proposition 4.4.6. Thus, by Remark 8.1.2 and 
Lemma 8.1.3, we may assume that \G(H*)\ = 12 or 4. In any case, 
there is a quotient H — > AT, where F is a group of order 4, for which 
necessarily kG(H) = H cokr . Hence H is not simple. □ 

Lemma 8.1.5. Suppose that H is simple. Then the order of G(H*) 
equals either 4 or 12. Moreover, H is isomorphic to a biproduct H ~ 
R#kG, where G is a group of order 4 and R is a Yetter-Drinfeld Hopf 
algebra over G of dimension 9. 

Proof. By Remark 8.1.2 and Lemmas 8.1.3 and 8.1.4, \G(H*)\ is 
not 18, 9, 6, 3 or 2. Therefore, by Lemma 8.1.1, \G(H*)\ = 4 or 12. 

Let T C G(H*) be a subgroup of order 4. Consider the quotient 
p : H — > k r . Then dimH cop = 9. Let G be a subgroup of G{H) of 
order 4. Then, by [NZ], kG n H cop = kl and thus the restriction of p 
gives an isomorphism kG — > A; r . This implies the lemma. □ 

LEMMA 8.1.6. Suppose that H is of type (1, 4; 2, 4; 4, 1) as a coalge- 
bra. Then every irreducible left coideal of dimension 2 in H is contained 
in a Hopf subalgebra of dimension 12. 

Moreover, H contains two Hopf subalgebras B and B' , which are of 
type (1,4; 2, 2) as coalgebras and such that 

(i) BHB' = kG(H) and G(H) ~ Z 2 x Z 2 ; 

(ii) B U B' generates H as an algebra. 
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Proof. Since H contains no irreducible coideals of dimension 3, 
then for all irreducible X such that degx = 2, we have G[x] ^ 1. 

Claim 8.1.7. The action of G{H) by left multiplication on the set 
X 2 of irreducible characters of degree 2 has two disjoint orbits { X , x'} 
and In addition, we have G[x] = G[x'] and G[ip] = G[ip'] are 

distinct subgroups of order 2 ofG(H). 

Proof. Note that the tensor product xx' is irreducible for some 
irreducible characters x an d x' °f degree 2, since otherwise, there would 
be a Hopf subalgebra of dimension 4 + 4.4 = 20, which is impossible. 
Therefore there exist x-,^ £ -^2 such that G[x] is not contained in 
G[ip}; c.f. 2.4.1. Thus G[x] and G[ip] are distinct subgroups of order 2 
of G(H). In particular, the group G(H) is isomorphic to Z 2 x Z 2 . 

Since \G[ X ]\ = \G[ip}\ = 2, then the orbits G(H) X and G(H)if> are 
of order 2. Moreover, since G[x'] = G[x], for all x' £ G{H) X (because 
G[x] is normal in G(H)), then G(H) X and G(H)ip are disjoint orbits. 
This proves the claim. □ 

Claim 8.1.8. We have x* = X, for all x e R(H*). 

Proof. We have already shown that a 2 = 1, for all a G G(H). If 
X is irreducible of degree 2, then we have XX* = Z^ a eG[x] a + f° r 
some A 6 I2 such that A* = A. Also G[x] Q G[X], which implies that 
A G G(H)x- Hence every orbit has a self-dual element. Moreover, if 
g G G(H) is such that gX = x, then x* — A(? and therefore G[x] = 
G[X] C G[x*]. Hence x* G G(H)x- This implies, since each orbit has 
two elements, that x* — X- Since x was arbitrary, the claim follows. □ 

The claim implies the character algebra R(H*) is commutative. 

As before, we have decompositions x 2 — XX* — Z~2aeG[x] a +^' where 
A G G(H)x- On the other hand, if x' ^ G(H)x, say bx = x'i then 
x ' x = b X 2 = b+ba + bX, and bX G G(H) X . Thus, the set G(H)UG(H) X 
spans a standard subalgebra of R(H*) which corresponds to a Hopf 
subalgebra A of dimension 12 such that R(A*) = k(G(H) U G(H) X . 

The same argument applies to the other orbit and concludes the 
proof of the lemma. □ 

Lemma 8.1.9. Suppose that H is of type (1,4; 2, 8) as a coalgebra. 
Assume in addition that H is simple. Then H contains two Hopf sub- 
algebras B and B' , which are of type (1,4; 2, 2) as coalgebras and such 
that B and B' satisfy the conditions (i) and (ii) of Lemma 8.1.6. 

Proof. First note that it is enough to show that H contains Hopf 
subalgebras B, B' of dimension 12 such that B n B' — kG. Indeed, in 
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this dimension argument implies that necessarily the subalgebra 

generated by B and B' coincides with H. On the other hand, this also 
implies that the group G = G(H) is isomorphic to Z 2 x Z 2 : otherwise 
G would contain a unique subgroup of order 2, which would be central 
both in B and in B' ([F]) and a fortiori in H . 

By Lemma 8.1.5 H = R#kG, where G = G(H) and dimi? = 9. 
Therefore R decomposes in the form it! = kl © V\ © V2 © V3 © V4 as a 
left coideal of H, where Vi is an irreducible left coideal of dimension 2, 
for alH = 1, . . . , 4. 

It follows from Corollary 4.2.2 and Proposition 4.2.1 that Vi is a 
subcoalgebra of R, for all i, and V* is not isomorphic to Vj, as left 
coideals of H, if i ^ j. Also | | = 2, where %i = XVi- In particular, 
j^Gxi = 2, for all i. We have V^kG = Ci®Cih, where Cj is the simple 
subcoalgebra of iJ containing Vj and Cj/i 7^ Cj. Thus, if Vj ~ V^/i 
then Vj#kG = V#kG and ^ = (id(8)e)(V}#A;G) = VJ. Therefore Xi, 
1 < i < 4, form a system of representatives of the orbits of the action 
of G on X 2 by right multiplication. 

The multiplicity-one condition for the decomposition of R implies 
that Vi, . . . , V4 are uniquely determined, and these are the only irre- 
ducible left coideals of H contained in R. Thus the action of G on R 
must permute the V^'s. 

Claim 8.1.10. Let 1 < % < 4. There exists a subgroup 1 7^ S of G 
such that s.Vi = Vi. 

Proof. The possible decompositions of R as an iJ-Yetter-Drinfeld 
submodule of H are the following 

M©Xi©X 2 , kl®Yi®Y 2 @Y 3 @Y4, kl®X 1 ®Y 1 ®Y 2 , kl^Y^Z, 

where dimX, = 4, dimY^ = 2, dimZ = 6. Decomposing the X^s and 
Z as left coideals of H, and using that the action of G permutes the 
Vi's, the claim follows. □ 

Let 1 7^ S be a subgroup of G such that s.Vi = Vi, for all s G S, as 
in Claim 8.1.10. The action of S must permute either transitively or 
trivially the set G(Vi). 

Suppose first that the action of S on V\ is trivial. Let V[ = G.V\. 
Then the action of S on V[ is also trivial and so is the action of S on 
the subalgebra k[V{] generated by V[. 

Since k[V{] is a Yetter-Drinfeld Hopf subalgebra of R, dimk[V{] is 
either 3 or 9. The last possibility implies that the action of S on R 
is trivial. Therefore, we may assume that dim/c[V7] = 3, and then 
V 1 is stable under the action of G. Thus B = k[Vi]#kG is a Hopf 
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subalgebra of H of dimension 12. Moreover, since the action of G 
permutes the set {Vi, . . . , V4} and by the above fixes Vi, we may assume 
that also gV 2 g~ l = V 2 , for all g G G. Then the Hopf subalgebras B 
and B' = k[V 2 ]#kG do the job. 

Suppose finally that the action of S on V\ is transitive. By Lemma 
4.7.1 \G Vl \ = 2. Let V{ := G Vl -Vi as above; note that G V { = G Vl . 

Then, by Lemma 4.3.1, B = k[V[\#kG Vl = k[Vl}#kG v{ is a Hopf 

subalgebra of H. If k[V{] = R, then B is an index-2 (and therefore 
normal) Hopf subalgebra of H . So we may assume that dim/cfV^'] = 3, 
implying that g.Vi = V\ for all g G G. We may also assume that 
g .V 2 = V 2 for all g G G. Let B = k\yA#kG and B' = k[V 2 ]#kG. Then 
we have dim 5 = dim£>' = 12, and we are done. □ 

LEMMA 8.1.11. Suppose that H is of coalgebra type (1, 4; 2, 4; 4, 1) 
or (1, 4; 2, 8). Assume in addition that H is simple. Then H ~ 7i. 

Here H. denotes the simple (self-dual) example in [GN]. 

Proof. Let B and B' be the Hopf subalgebras of H as in Lemmas 
8.1.6 and 8.1.9, respectively. Then neither B nor B' is cocommutative. 

Claim 8.1.12. We have B ~ B' ~ A ; see Chapter 5. 

Proof. Suppose not. Since G(H) ~ Z 2 x Z 2 , then B and B' are 
not isomorphic to A±. In virtue of the classification in dimension 12 
[F], at least one of them, say B, is commutative. Then there exists 
1 ^ g G Z(B') n G(B'). Since G(S') = C B, g also commutes 

with 5. Since B and 5' generate H as an algebra, this implies that g 
is a central group-like element in H, contradicting the assumption. □ 

We know from Chapter 5 that there exists a normalized 2-cocycle 
4> G kG(H) ® kG(H) such that B^ ~ £>'^ ~ fcG, where G is the group 
in Proposition 5.2.1. Moreover, B^ and B' $ are Hopf subalgebras of 
and Btf, U 5'^ generates if^, as an algebra, because the multiplication 
was unchanged. It turns out that is cocommutative. 

More precisely, = kG', where G 1 = F'xL is a semidirect product 
with \F'\ = 9 and T = G(H). Since H is simple by assumption, then 
by the results in [GN, 4.3], G ~ D 3 x D 3 and H ~ W. □ 

Lemma 8.1.13. Suppose that H is of type (1, 12; 2, 6) as a coalgebra. 
Then H is not simple. 

Proof. By Lemma 8.1.5, we may assume that \G(H*)\ = 4 or 12. 
By Lemma 8.1.11, if \G(H*)\ = 4 we may also assume that H* is of 
type (1,4; 4, 2) as a coalgebra; this is impossible in view of Remark 
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8.1.2 (iv). Therefore, we must consider the case \G(H*)\ = 12, i.e., H 
and H* are both of type (1, 12; 2, 6). 

Consider the quotient Hopf algebra p : H — > k G( - H *\ We have 
dim H c °p = 3. If g G H cop for some g G G(H), then by [NZ] g is of 
order 3 and H cop = k{g) is a normal Hopf subalgebra of if, implying 
that if is not simple. Thus, we may assume that p(g) ^ 1, for all g G 
G(H). This implies that the restriction p\kG(H) '■ kG(H) — > k G ^ H *^ is an 
isomorphism. Therefore the groups G(H) and G(H*) are isomorphic 
and abelian and H is a biproduct if = R#kG(H), where dimi? = 3. 
The lemma follows from Proposition 4.4.6. □ 

8.2. Main result 

In view of the previous results, the only case it remains to consider 
is that where if and if* are both of type (1, 4; 4, 2) as coalgebras. 

Theorem 8.2.1. Let H be a semisimple Hopf algebra of dimension 
36. Suppose that if is simple. Then H ~ 7Y. 

Proof. By Lemma 8.1.5, H is a biproduct if = R#kG(H), where 
R is a left coideal subalgebra of dimension 9. Therefore, as a left 
coideal of if, R — kl © V\ © V 2 , where Vi are irreducible left coideals 
of dimension 4, % = 1, 2. 

Claim 8.2.2. There exists a normalized invertible 2-cocycle G 
kG(H) (g) kG(H) such that is not simple. 

Proof. We have gVi ~ ~ V^^ as a left coideal of if, for all 
g G G(H); so that by Corollary 4.2.2, Vi is a subcoalgebra of R 
in the category of Yetter-Drinfeld modules over G(H), and we have 
Vi#kG(H) is a simple subcoalgebra of dimension 16. It is also clear 
that Vi generates R as an algebra, because k[Vi] is a braided Hopf sub- 
algebra of R containing Vf, then diml^ G = 1 by [N3, Lemma 4.4.1]. 

Write G = G(H). By [N2, 1.3] there exist normalized 2-cocycles 
tti : G x G — > G such that ~ (k ai G)*, i = 1,2, and moreover, in view 
of the results in [N3, Section 4] there exists a normalized invertible 
2-cocycle G /cG ® A;G such that ii^ = R^ftkG, and V := Vi is a 
cocommutative subcoalgebra of R^. See [N3, Remark 4.4.3]. 

Suppose that is simple. Then ~ if as algebras and as coal- 
gebras, whence V#kG(H) is a simple subcoalgebra of H^. The claim 
can be established using the argument in the proof of [N3, Theorem 
1.0.1]. We sketch this proof below for the sake of completeness. 

Write G(V) = {x u . . .,x 4 }. By [N3, Lemma 2.2.1] {S R ^V)V is a 
Yetter-Drinfeld subcoalgebra of R^, and (SR <p V)x i is a left coideal of 
R containing 1, for alii = 1, . . . ,4, where is the antipode of R^. 
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Since the dimensions of the irreducible comodules of a twisted dual 
group algebra of G divide the order of G, we have that the dimensions 
of the irreducible i?^-comodules are either 1 or 2. 

The group G acts on by : R^&ikG — > R^, r g := (g, r_i)r , 
r G Rcf,, where ( , ) is a non-degenerate bicharacter on G. Moreover, this 
action restricts to an action of G on («Sr V)V by coalgebra automor- 
phisms. Let ui, . . . ,ui be the group-like elements of R<f, which belong 
to (S^VjV. Then the action <— of G permutes the set {u>i, . . . ,uji}. 
As in [N3, Claim 5.3.1], one can see that every group-like element u> 
in («Si^V)V belongs to (S R<j V)xi for all 1 < % < n. 

Therefore S R<t Vxi = kui © • • • © kui © • Wj, for all i, where Wj 
are irreducible right coideals of R^ of dimension bigger than 1. Thus 
/ is even, and since 1 G {oui, . . . }, there exists a nontrivial group-like 
element in invariant under the action of G; this is exactly the 
same as a coinvariant group-like element in R^. Then G{H^) D R^ 
has an element of order 3. This is a contradiction, because Gi^H^) is 
of order 4. The contradiction comes from the assumption that is 
simple, hence the claim follows. □ 

Let A C be a proper normal Hopf subalgebra. Since ~ H as 
algebras, contains no Hopf subalgebras of dimension 12, by Remark 
8.1.2 (iv). Then dim A = 2,3,4,6 or 18. Note that kG{H)+ = kG(H) 
is a Hopf subalgebra of H^; so that 4 divides the order of G{H^). If 
dim A = 3, then either \G{H^)\ = 12, which contradicts Remark 8.1.2 
(iv), or else is co commutative. The last possibility implies H ~TL 
by [GN, 4.3]; hence we may assume that dim A ^ 3. 

If dim A = 2, then A C fcG(ify) n Z(ify) by Corollary 1.4.3. Thus 
A C n Z(if); see Corollary 5.4.2. Also, if dim A = 4, then 

there is a quotient Hopf algebra H ( f ) /H ( f ) A + =: if^,, such that 

dimif^ = 9. In particular, 9/\G(HX)\, which is a contradiction. 

Suppose that dim A = 6. Then, with the above notation, dimH^ — 
6. Hence contains a group-like Hopf subalgebra of dimension 3 or 
else a simple subcoalgebra of dimension 4, which again contradicts the 
fact that is of type (1,4; 4, 2) as an algebra. 

Finally, if dim A = 18, then \G(A)\ = 2 and by [M3] A is commu- 
tative. It follows from [AN2, Corollary 3.9], dimV < [H^ : A] = 2, 
for all irreducible if^-module V. This is impossible since is of type 
(1, 4; 4, 2) as an algebra. This finishes the proof of the theorem. □ 



CHAPTER 9 



Dimension 40 

9.1. Reduction of the problem 

Let if be a nontrivial semisimple Hopf algebra of dimension 40 over 

k. 

LEMMA 9.1.1. The order of G(H*) is either 4, 8 or 20 and as an 
algebra H is of one of the following types: 

• (1,4; 2,9), 

• (1,4; 2,5; 4,1), 

• (1,4; 2,1; 4, 2), 

• (1,8; 2, 8), 

• (1,8; 2, 4; 4,1), 

• (1,8; 4, 2), 

• (1,20; 2, 5). 

We shall prove that the type (1, 4; 2, 5; 4, 1) is impossible. See 
Lemma 9.1.5. 

Proof. Let n = \G(H*)\. It follows from 1.1 that n ^ 1,5,10. 
The possibility n = 2 is discarded using Theorem 2.2.1. In the cases 
n — 4, 8, 20 the only possibilities excluded are the types (1, 4; 3, 4) and 
(1,4; 6, 1); however, in this cases H has an irreducible character ip of 
degree 3 (respectively 6), and decomposing the product ipip* as a sum 
of irreducible characters gives a contradiction. This finishes the proof 
of the lemma. □ 

Remark 9.1.2. (i) If H is of type (1, 20; 2, 5), then H is not simple, 
by Corollary 1.4.3. 

(ii) Let H be as in Lemma 9.1.1. It follows from Proposition 2.1.3 
that there is a Hopf subalgebra AC H, with dim A = 8. 

Lemma 9.1.3. We have H = Rj^A is a biproduct where A is a 
semisimple Hopf algebra of dimension 8 and R is a ^-dimensional 
Yetter-Drinfeld Hopf algebra over A. 

Proof. There are a Hopf subalgebra A C H and a quotient Hopf 
algebra q : H — > B, such that dim A = dimi? = 8. In particular, 
dimH coB = 5, and therefore G{H) n H coB = 1 by [NZ]. 
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Consider the restriction '■ A — > B. It will be enough to show that 
q is an isomorphism, or equivalently, that A n H coB = kl. Suppose on 
the contrary that A H if coB = A coB j s Q f dimension 2 or 4; see Lemma 
1.3.4. Then there must exist 1 ^ g G G(A)nA coB , since the irreducible 
left coideals of A are of dimension 1 or 2. Then 2/ dimiY COjB = 5, which 
is absurd. This contradiction finishes the proof of the lemma. □ 

Lemma 9.1.4. Suppose that H is simple and \G(H)\ = 4. Then 
R = kl © U , where U is an irreducible left coideal of H of dimension 
4. In particular, H is not of type (1,4; 2, 9) as a coalgebra. 

Proof. Since \G(H)\ = 4, A is not cocommutative. Suppose on 
the contrary that R — kl © V\ © V2, where Vi is an irreducible left 
coideal of dimension 2. By Lemma 4.3.3 (i), p(Vi) C kG(H) ® V^, 
i = 1,2. Thus C fcG(fZ") ® i? and R#kG{H) is a normal Hopf 
subalgebra of (of index 2). □ 

Lemma 9.1.5. There exists no semisimple Hopf algebra H of type 
(1, 4; 2, 5; 4, 1) as a coalgebra. 

Proof. Suppose on the contrary that H is of type (1, 4; 2, 5; 4, 1). 
Let A C H be a Hopf subalgebra of dimension 8. For all irreducible 
fP-characters x such that degx = 2, we have that G[x] 7^ 1, because 
if does not contain irreducible coideals of dimension 3. Also, the tensor 
product xx' is irreducible for some irreducible characters x an d x' of 
degree 2, since otherwise, there would be a Hopf subalgebra of dimen- 
sion 4 + 4.5 = 24, which is impossible. Therefore there exist x-, i> £ AT 2 
such that Cr[x] is not contained in c.f. Lemma 2.4.1. Thus G[x] 

and are distinct subgroups of order 2 of G(H). 

Since = |G[^]| = 2, then the orbits G(H) X and G( J H")^ are 

of order 2. Moreover, since G[x'} = G[x], for all x' G G(H)x (because 
G[x] is normal in G(H)), then G(H)x and G(H)ip are disjoint orbits. 
Let r ^ i be an irreducible character of degree 2. Then we have 



for some A G X 2 . By (9.1.6), we have A* = A and G[r] C G[A]. 
Therefore, either A G G(H)r oi X E A. 

Claim 9.1.7. ILe /iawe AgA 

Proof. Suppose on the contrary that A G G(H)r; hence, every 
orbit has a self-dual element. Moreover, if g G G(H) is such that 
gX = r, then r* = A^ and therefore G[t] = G[X] C G[r*]. Hence 
r* G G(H)t. This implies, since each orbit has two elements, that 



(9.1.6) 
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t* = t. As before, we have decompositions r 2 = rr* = J2 a eG[r] a + ^> 
where A G G(H)t and if r' G G(H)t, say fer = r', then t't = br 2 = 
b + ba + bX, and bX G G(H)t. Then the set G(if) U G{H)r spans a 
standard subalgebra of R(H*) which corresponds to a Hopf subalgebra 
of dimension 12. This contradicts [NZ]; so we may conclude that A is 
not in the orbit G(H)t. Therefore, we must have A G A as claimed. □ 

Since x4> is irreducible, it follows from Lemma 2.4.1 that m(A, ip*ifj) = 
0. This contradicts Claim 9.1.7. Then the lemma follows. □ 

Remark 9.1.8. Keep the notation in Lemma 9.1.3. 

(i) Suppose that R — kl®U, where U is an irreducible left coideal 
of dimension 4 and let x £ H be the corresponding character. It follows 
from Corollary 4.2.2, that |G[x*]| < 4. 

(ii) If \G(H*)\ = \G(H)\ = 8, then H is not simple by [N2, Lemma 
2.2.5]. So we may assume that A is not a group algebra of an abelian 
group. In particular, after dualizing if necessary, we may assume that 
A is not cocommutative. 

Lemma 9.1.9. Suppose that H is of type (1, 8; 2, 4; 4, 1) as a coal- 
gebra. Then H is not simple. 

Proof. By Remark 9.1.8 (ii), we may assume that G(H) is not 
abelian of order 8. Consider the action by right multiplication of G(H) 
on the set X 2 of irreducible characters of degree 2. Then either this 
action is transitive or else |C[x*]| = 4, for all x £ X 2 . 

The first possibility implies, in view of Remark 2.4.3 (iii) that H 
has a Hopf subalgebra of dimension 24, which is impossible. Consider 
the second possibility. Since G(H) is not abelian, 1 ^ [G; G] C G[x'} H 
for all x', X £ Therefore, by Theorem 2.4.2, also in this case 
there is a Hopf subalgebra of dimension 24, which is impossible. This 
proves the lemma. □ 

Lemma 9.1.10. Suppose that H is of type (1,8; 4, 2) as a coalgebra. 
Then H is not simple. 

Proof. Suppose that H is simple. We have dim R{H*) = 10 and 
G(H) is not abelian, by Remark 9.1.8 (ii). Let e , e±, e 2 , e 3 , f±, f 2 be 
orthogonal primitive idempotents in kG(H) such that dim kG(H)ej = 
1 and dimkG(H)fj = 2. Then dimiJe,- = 5 and dim H fj = 10, and 
moreover Hf± ~ Hf 2 . 

We may assume that \G(H*)\ ^ 8. Then, by Lemma 9.1.4, R* ~ 
kl © U, where U is an irreducible left coideal of H*, and a fortiori an 
irreducible Yetter-Drinfeld sub module of H*. 
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By Proposition 1.5.2, there is a bijective correspondence between 
the irreducible Yetter-Drinfeld submodules of H appearing in R* = 
^ H *yokG(H)* anci p r i m iti ve idempotents e G R(H*) such that ee ^ 0. 

Therefore we have a decomposition eo = A + E Q , where A G H 
is the normalized integral and E is a primitive idempotent of R(H*) 
such that dim if E = 4. This gives at least 7 orthogonal idempotents 
in R(H*), implying that R(H*) ~ x M 2 (k) as an algebra. In 
particular, since /i and f 2 are not central in kG(H), they correspond 
necessarily to the 4-dimensional simple component of R(H*). 

We find that there must exist some 1 < j < 3 such that e,- is not 
primitive in ff(if*). By the Kac-Zhu Theorem, this implies the exis- 
tence of a primitive idempotent A ^ E G R(H*) such that dim iff? = 1. 
Then G(ff *) n Z(ff*) ^ 1 and the lemma follows. □ 

Lemma 9.1.11. Suppose that H is of type (1,8; 2, 8) as a coalgebra. 
Then H is not simple. 

Proof. We have H = R#kG, where G = G(H) and R = kl © 
V\ © V2, where are irreducible left coideals of H such that dim Vi — 2. 
By Theorem 2.2.1 we must have G[x] 7^ 1 5 f° r & h irreducible characters 
X of degree 2. Then is a subcoalgebra of R, by Proposition 4.2.1, 
and V\ is not isomorphic to V 2 as left coideals of H. The group G 
permutes the set G(Vi) U G(V 2 ) and we may also assume that the 
group homomorphism G — + §4 is injective. In particular, G ~ and 
acts transitively on G(V\) U G(V2). 

Let d = {g : ^.V< C V^}. Then > 4 and in particular, Z(G) C 
Gi, i = 1,2. By Lemma 4.7.1, if Z(G) acts transitively on G(Vi), then 
|Gv; I < 2. Moreover, the action of Z(G) is either transitive or trivial on 
G(Vi). Observe in addition that V\ generates R as an algebra. Hence, 
the last possibility implies that Z{G) C Z(H) and H is not simple. 

In the other case, we may conclude that p(R) C /cGv; ©-R and since 
|GyJ = 2, B = Rj^kGy i is a Hopf subalgebra of dimension 10. By 
Remark 9.1.8 (ii), we may assume that \G(H*) \ = 4. Then (H*) coB * = 
kl © kt © V, where 1 7^ t G G(H) and V is an irreducible left coideal 
of dimension 2. Consider the possible decompositions of (H*) coB * as a 
Yetter-Drinfeld submodule of if*, as in Lemma 1.4.1. Since 3 does not 
divide dim if, the dimensions of the irreducible summands are either 
1 or 2. Decomposing each irreducible Yetter-Drinfeld summand as a 
sum of irreducible left coideals, implies that kt is necessarily a Yetter- 
Drinfeld submodule of H. Hence t G G{H)C\Z(H) and H is not simple. 
This concludes the proof of the lemma. □ 
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9.2. Main result 

In view of the lemmas in the previous section, we may assume that 
H is of type (1, 4; 2, 1; 4, 2) as an algebra and as a coalgebra. Moreover 
we have H = R#A, where A ~ H 8 and R = kl(&U, for some irreducible 
left coideal U of dimension 4. We keep this notation along this section. 

Lemma 9.2.1. If R is cocommutative then H is not simple. 

Proof. We have U C R is a subcoalgebra in j^V and S R U = U. 
On the other hand, Ut ~ [/ for some 1^6 (7(if) = C7(A). Let 
G(C/) = {xi, . . . ,x 4 }. By [N3, Lemmas 2.2.1 and 2.2.3] tfoj is a left 
coideal of R and C/Xj ~ U(t.Xi); so if i.x, 7^ Xj, by counting dimensions, 
Xi G Uxi implying that 1 £ [/, which is a contradiction. Therefore t 
acts trivially on R. The lemma will follow from the following claim: 

Claim 9.2.2. Let A — > End V" &e an action of A ~ H 8 on a vector 
space V such that there exists 1 ^ t G with t\v — idy. T/ien 

t'| y = id v for all t' G G(A) n . 

PROOF. By [M4] we know that A is generated as an algebra by 
G(A) = {l,x,y,xy} and an invertible element z such that zx = yz. 
Moreover, G(A) fl Z(A) = {l,xy}. If t — xy, then there is nothing to 
prove. Thus, without loss of generality we may assume that t = x. In 
this case the relation zx = yz plus the fact that z is invertible imply 
that also y\y = idy- Then we have xy\y = idy as claimed. □ 

□ 

We now prove the main result of this chapter. 

Theorem 9.2.3. Let H be a semisimple Hopf algebra of dimension 
40. Then H is not simple. 

Proof. We may assume that H = Rj^A is a biproduct, where 
A ~ H 8 and R = kl © U. By Lemma 9.2.1 it will be enough to show 
that U is cocommutative. Suppose on the contrary that U is a simple 
coalgebra. Observe that U j^A is a subcoalgebra of H; moreover, there 
exist t, s G G(H) such that Ut ~ U and Us is an irreducible coideal not 
isomorphic to U. In particular, (U#A) n C ^ and (U#A) n C" 7^ 0, 
where C and C" are the simple subcoalgebras of H containing U and 
Us, respectively. Thus, U#A = C ® C' ~ M 4 (k) © M A (k). 

On the other hand, the assumption that U is simple implies that 
U#A ~ UQ^A for some invertible normalized 2-cocycle G A© A; see 
[Mo, 7.3.1]. By [M5, Theorem 4.8 (1)] ^A ~ A as coalgebras, which 
gives fy#A ~ M 2 (A;)^ ©M 4 (/c). This is a contradiction, which implies 
that U is cocommutative and finishes the proof of the theorem. □ 
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Dimension 42 

Let if be a semisimple Hopf algebra of dimension 42 over k. We 
shall assume that H is nontrivial. Suppose that H fits into an abelian 
extension 

1 -> k T -> /J -> A;F -> 1, 

where T and F are finite groups. It follows from the results in [N, 
Section 4] that in this case H is isomorphic to one of the Hopf algebras 
A 7 {2,3) or A 7 (3,2) = A 7 {2,3)* constructed in [AN, (2.3.1)]; indeed 
.4.7(2,3) (respectively, A 7 (3,2)) fits into an extension as above, where 
T is the non-abelian group of order 14 and F is the cyclic group of 
order 3, (respectively, T is the non-abelian group of order 21 and F is 
the cyclic group of order 2). 

For these Hopf algebras, G(A 7 (3,2)) ~ G(A 7 {2,3)) ~ Z 6 . As coal- 
gebras, A 7 {3, 2) is of type (1, 6; 2, 9) and A 7 {2, 3) is of type (1, 6; 3, 4). 

10.1. Possible (co)-algebra structures 

Let if be a nontrivial semisimple Hopf algebra of dimension 42. 

Lemma 10.1.1. The order of G(H*) is either 2, 6 or 14. As an 
algebra H is of one of the following types: 

• (1,2; 2,1; 6,1), 

• (1,2;2,1;3,4) ; 

• (1,2; 2, 10), 

• (1,6; 6,1), 

• (1,6; 2, 9), 

• (1,6; 3, 4), 

• (1,14; 2, 7). 

Proof. Let n = \G(H*)\. A counting argument, using 1.1, shows 
that n 7^ 7,21, and the only possibilities are the prescribed ones if 
n = 6 or 14. If n — 1 we find that H must have an irreducible module 
of degree 2, which contradicts Corollary 2.2.3. If n — 3, then H is 
necessarily of type (1, 3; 2, 3; 3, 3), which is discarded by Theorem 2.2.1. 
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Suppose finally that n — 2. Then, either H is of one of the pre- 
scribed algebra types, or else H is of one of the following types: 

(1,2; 2, 6; 4,1), (1, 2; 2, 2; 4, 2). 

However, by Remark 2.2.2 (i), in these cases we have G[x] = G(H*), for 
all irreducible character \ of degree 2. By Theorem 2.4.2, H has a Hopf 
algebra quotient H — > H, where dimiJ = 2 + 6.4 or dim if = 2 + 2.4, 
respectively. By [NZ], this is not possible. Then the lemma follows. □ 

Remark 10.1.2. (i) Since 12 does not divide the dimension of H, by 
Theorem 2.2.1, every irreducible character of degree 2 is stable under 
left multiplication by some group-like element g G G(H*) of order 2. 

(ii) It follows from Lemma 10.1.1 that G[x] is nontrivial for all 
irreducible character x of degree 6. Also, if \G(H*)\ = 6, then for all 
irreducible character x of degree 3, G[x] is of order 3. 

(iii) It follows from Lemma 10.1.1 that G(H*) always contains a 
subgroup of order 2. 

Lemma 10.1.3. (i) Suppose H is of type (1,2; 2, 10) as a coalgebra. 
Then H is commutative. 

(ii) Suppose H is of type (1, 2; 2, 1; 6, 1) or (1, 2; 2, 1; 3, 4) as a coal- 
gebra. Then H contains a Hopf subalgebra isomorphic to k S:i , where §3 
is the symmetric group on 3 symbols. 

Proof, (i) This follows from Theorem 4.6.5, since by Remark 
10.1.2 (iii), \G(H*)\ is even. 

(ii) In this case H has a unique simple subcoalgebra C of dimen- 
sion 4, necessarily stable under left and right multiplication by G(H). 
Therefore A = kG(H) © C is a Hopf subalgebra of H of dimension 
6, which is not co commutative; hence, in view of the classification of 
semisimple Hopf algebras of dimension 6, A ~ k Ss . □ 

Lemma 10.1.4. Suppose that H is of type (1, 14; 2, 7) as a coalgebra. 
Then H is commutative. 

Proof. Note that the group G(H*) must be abelian by Proposition 
1.2.6. Suppose that G{H*) is of order 2 or 6. By Lemmas 10.1.1 and 
10.1.3, either there is a quotient Hopf algebra p : H — > kG, where 
G is a group of order 6, or else G(H*) ~ §3 is nonabelian of order 
6. In the first dimension argument implies that H cop = kT, 

where L C G{H) is the only subgroup of order 7. Therefore, H fits 
into the (abelian) extension 1 — ■> AT — > H — > kG — > 1, and the lemma 
follows from [N, Section 4]. In the second case, there is a projection 
q : H -> A;T ~ fc T , where T C G(if*) is the only sub group of order 
3; hence dimH coq = 14, and L C iJ c ° 9 . A dimension argument shows 
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that G{H) C H coq and thus kG(H) = H coq . Therefore H fits into an 
abelian exact sequence 1 — > kG(H) — > iJ — > /cT — > 1, and the lemma 
follows also from [N, Section 4]. 

We claim that H* is not of type (1, 14; 2, 7) as a coalgebra. Indeed, 
in this case, we have G(H) ~ G(H*) is abelian and ~ R#kG(H) is a 
biproduct, where i? is of dimension 3. In particular, R is commutative 
and cocommutative, and it follows easily that the only subgroup F of 
order 7 of H acts trivially on R. Then F is central in H, and there 
is a central extension — » A;F — > i/ — > — > 1. Now, since every 
6-dimensional semisimple Hopf algebra is trivial and since \G(H*)\ is 
not divisible by 3, we find that K is necessarily isomorphic to a group 
algebra. In particular, this extension is abelian. This is a contradiction 
since \G(H)\ ^ 6. This completes the proof of the lemma. □ 

LEMMA 10.1.5. H is not of type (1, 6; 6, 1) as a coalgebra. 

Proof. Suppose on the contrary that H is of type (1, 6; 6, 1) as a 
coalgebra. It follows from Lemmas 10.1.1, 10.1.3 and 10.1.4 that there 
is a quotient Hopf algebra H — > A, where A is of dimension 6. Hence, 
A ~ kG{H) and H is a biproduct H ~ R#kG, where R ~ H/H{kG) + 
is a braided Hopf algebra over G of dimension 7, and G = G(H). 

As a left coideal of H, R decomposes as a direct sum R = kl © V, 
where V is an irreducible left coideal of dimension 6. In particular, V is 
a subcoalgebra of R in the category of Yetter-Drinfeld modules over G, 
and the smash coproduct coalgebra V#kG coincides with the unique 
simple subcoalgebra of H of dimension 36. Since H 2 (G,k x ) = 1, it 
follows from [N2, 1.3.1] that V is cocommutative and the action of G 
permutes the 6 distinct group-like elements. Thus V has a basis x iy 
1 < % < 6, consisting of group-like elements of R. 

By [N3, 2.2], Vxi is a left coideal of R containing 1, and Vxi ~ Vxj, 
for all 1 < i, j < 6 such that grcj = Xj, for some g E G. Note that 

does not belong to Vxi. indeed, since Xi is invertible (with inverse 
xj 1 = Sji(xi)), if Xi = ^2jXjXi, then 1 G X^^-j ^> which is absurd. 

Decomposing l^Xj into a direct sum of irreducible left coideals of R, 
we get Vxi — kl © where ^ 7^ g, for all i. If g G G is such 

that = 7^ Xj, we have gXi G V^Ej. But then Xj G Vajj ~ Vxi. 
This is a contradiction. Then the lemma follows. □ 

Lemma 10.1.6. Suppose H is of coalgebra type (1, 2; 2, 1; 6, 1) or 
(1, 2; 2, 1; 3, 4). Then H is commutative. 

Proof. We shall show that H fits into an abelian extension, and 
hence is trivial by [N, Section 4]. 
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By Lemma 10.1.3, H has a Hopf subalgebra A isomorphic to k 3 . 
We claim that there is no Hopf algebra surjection p : H — > A;§ 3 . If 
this were the case, then A n if cop = fcl. Indeed, as a left coideal of 
if, f/" co P decomposes as a direct sum or irreducible left coideals. Note 
that G(A) = G(H) intersects trivially H cop by [NZ]. If AnH cop ^ kl, 
then there is a 2-dimensional irreducible left coideal U of A such that 
U C ii cop . Then ii cop = jfel © [/ © W, where W is a left coideal of H 
of dimension 4, such that W 7 contains no one-dimensional left coideal 
of H. This is not possible and therefore A n if cop = fcl as claimed. 
But then the restriction p : k Ss — > /c§ 3 is an isomorphism, which is not 
possible. This establishes the claim. In particular, |G(if*)| 7^ 2. 

We may then assume that \G(H*)\ = 6. Hence, by Lemma 10.1.5, 
if* is of type (1,6; 3, 4) or (1,6; 2, 9) as a coalgebra. Dualizing the 
inclusion A C H, we get a Hopf algebra quotient p : H* — > A;§ 3 . By 
[NZ], G(fP) n i/ cop = fcl; so that the restriction p : kG{H*) -> A;§ 3 
is an isomorphism. In particular, G(H*) is non-abelian and iJ* is 
isomorphic to a biproduct if* ~ R#kG(H*), where dimi? = 7. Let 
r C G{H*) be the unique subgroup of order 3. 

Case I. H* is of type (1, 6; 3, 4). 

In this case, R — kl © W\ © W 2 , where Wi are irreducible left 
coideals of H* of dimension 3. Since T = G[x] for all irreducible x of 
degree 3, then gWi ~ ~ W 7 "^, for all # e T, % — 1, 2. 

Claim 10.1.7. p(Wi) is not contained in kT © Wi. 

Proof. Suppose on the contrary that p(Wi) C kT © W^i. Let 
i? := fc[Wi]; then R is a subalgebra and sub coalgebra of R which is 
stable under the action of T and p(R) C kY® R. Therefore A = R#kT 
is a Hopf subalgebra of if*, and dim A = 3dimi? > 12. Then dim A = 
21, thus A is commutative and normal, and moreover the quotient 
H* /H*A + is cocommutative, since kT C A. Hence, G(H*) is abelian, 
which is a contradiction. This proves the claim. □ 

Fix % = 1,2. We may assume that there exists 7^ w G Wi, such 
that p(u>) = a © u>, where a G G(H*) is an element of order 2. Let 
1 7^ <? G T, so that 7^ (?.tu G Wi is homogeneous of degree gag' 1 7^ a. 
Hence Wf 5 ^^ = 0, and R coG ^) = kl. 

Dualizing, H = R*#A and the subalgebra (R*) A of invariants in R* 
is one-dimensional, since (R*) A ~ Hom G ^ \R,k). By [AN2, Section 
8], (i?*) A is isomorphic to the Hecke algebra of the pair A, H; that is, 
(R*) A ~ caHca, where ca G A is the normalized integral. By [AN2, 
Theorem 4.4] there is a bijection between irreducible representations of 
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(R*) A and irreducible representations of H appearing in Ind^f with 
positive multiplicity. This is a contradiction, hence the lemma follows. 

Case II. H* is of type (1, 6; 2, 9). 

We shall use the action defined in (1.2.5). 

Claim 10.1.8. The action T x L x X 2 — > X 2 , given by (g,h).x = 
gxh~ l is freely transitive. 

Proof. Let x G X 2 . It will be enough to show that the stabilizer 
(r x T) x is trivial. Let g,h 6 T such that gxh" 1 = X- Then G[x] = 
G[gxh~ l ] = gG[x]g~ l - This implies that g — 1, because G[x] is of 
order 2 and G(H*) is not abelian. Therefore x^ -1 — X? an d ^ — 1- 
This proves the claim. □ 

Observe that there exists x £ -^2 such that x* = Xi because \X 2 \ is 
odd. Hence x 2 — l+ a +x') where (%')* = x'> an d = {1, a} = C[x']. 
Note also that X ^ X 1 1 since has no quotient of dimension 6 which 
is not commutative. Write x' — gx^ 1 , 9,h G T. Hence G[x] = 
G[x'} = gG[x]g~ l , implying g = 1. So x' = X^ 1 and ^ 1. Thus 
xh^ 1 — x' — {x'Y = h-x* = hx', which implies that hxh = x- This 
contradicts Claim 10.1.8. The proof of the lemma is now complete. □ 

10.2. Classification 

We shall now prove Theorem 3. In view of the previous results, we 
may assume that H is of type (1,6; 2, 9) or (1,6; 3, 4) as a coalgebra. 
The proof of the theorem of will follow from the next two lemmas. 

Lemma 10.2.1. Suppose that H is of type (1,6; 2, 9) as a coalgebra. 
Then H is isomorphic to .4.7(3,2). 

Proof. By the above, we also have \G(H*)\ = 6. Therefore the 
groups G(H) and G(H*) are both abelian. This implies that G(H) 
contains a unique subgroup F of order 2. In particular, H ~ R#kF 
is a biproduct over F . The subgroup F necessarily stabilizes all 4- 
dimensional simple subcoalgebras. Therefore the quotient coalgebra 
H/ H(kF) + ~ R is co commutative. It follows from Proposition 4.6.1 
that H fits into an abelian extension. This implies the lemma. □ 

Lemma 10.2.2. Suppose that H is of type (1,6; 3, 4) as a coalgebra. 
Then H is isomorphic to Aj{2, 3). 

Proof. Also here we have H ~ Rj^kG is a biproduct, where G 
is the unique subgroup of order 3 of G(H). By Remark 10.1.2, G 
stabilizes all simple subcoalgebras of H of dimension 9. Then R is 
a cocommutative coalgebra and the lemma follows from Proposition 
4.6.1. □ 
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Dimension 48 

11.1. First reduction 

Let H be a nontrivial semisimple Hopf algebra of dimension 48. 

Lemma 11.1.1. The order of G{H*) is either 2, 3, 4, 6, 8, 12, 16 
or 24. As an algebra, H is of one of the following types: 



(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 
(1 



2; 2, 3; 3, 2; 4,1), 

3; 3,1; 6,1), 

3; 2, 9; 3,1), 

3; 3, 5), 

4; 2, 2; 3, 4), 

4; 2, 3; 4, 2), 

4; 2, 7; 4,1), 

4; 2, 11), 

4; 2, 2; 6,1), 

6; 2, 6; 3, 2), 

8; 2, 2; 4, 2), 

8; 2, 10), 

8; 2, 6; 4,1), 

12; 2, 9), 

12; 3, 4), 

12; 6,1), 

16; 2, 8), 

16; 4, 2), 

24; 2, 6). 



Proof. The possibility \G(H*)\ = 1 is discarded by 1.1 and The- 
orem 2.2.1; see Corollary 2.2.3. 

The only possibilities with \G(H*)\ = 2 are the types (1, 2; 2, 7; 3, 2) 
and (1, 2; 2, 3; 3, 2; 4, 1). In the first case, H cannot have Hopf algebra 
quotients of type (1,3; 3,1). Therefore, by Remark 2.2.2 (i) every ir- 
reducible character of degree 2 is stable under left multiplication by 
G(H*); hence by Theorem 2.4.2 there is a quotient Hopf algebra of 
dimension 30, which is impossible. 
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Suppose that \G(H*)\ = 16. The only possibility excluded in the 
list is the type (1, 16; 2, 4; 4, 1). Suppose on the contrary that H is of 
this type. Then H has four irreducible characters of degree 2 and one 
irreducible character of degree 4. In particular, the action of G(H*) on 
X 2 is transitive and |G[x]| = 4, for all irreducible character of degree 
2. By Remark 2.4.3 (iii), there is a quotient Hopf algebra of dimension 
32, which is impossible. The rest of the lemma follows from 1.1. □ 

Remark 11.1.2. (i) If H is of type (1, 24; 2, 6), then H is not simple, 
by Corollary 1.4.3. 

(ii) Suppose that H is of type (1, 4; 2, 3; 4, 2) as a coalgebra. By 
Theorem 2.4.2 the irreducible characters of degrees 1 and 2 give rise to 
a Hopf subalgebra of dimension 16. 

(iii) If H is of type (1, 8; 2, 2; 4, 2) as a coalgebra then the irreducible 
characters of degrees 1 and 2 give a Hopf subalgebra of dimension 16; 
see Remark 2.4.3 (iii). 

(iv) Suppose that H is of type (1, 2; 2, 3; 3, 2; 4, 1) as a coalgebra. 
Then H is not simple. 

Proof. We have that H does not contain Hopf subalgebras of di- 
mension 12 [F]. On the other hand, there must exist an irreducible 
character \ °f degree 2, such that G[x] = 1 (since otherwise there 
would be a Hopf subalgebra of dimension 14). By Theorem 2.2.1, H 
has a Hopf subalgebra of dimension 24 and then H is not simple. □ 

(v) Suppose that H is of type (1, 4; 2, 2; 3, 4) as a coalgebra. Then 
H contains unique Hopf subalgebras A\ C A of dimension 6 and 12, 
respectively. 

Proof. The irreducible characters of degrees 1 and 2 give rise to 
a (unique) Hopf subalgebra of dimension 12. 

Let , 0i>--->'04 be the irreducible characters of degree 3, and let 
Xi,X2 be the irreducible characters of degree 2. We have iplipi — 1 + 
Xi + ip + i> r , where ip,ip' are irreducible of degree 3; this implies that 
Xi — Xi: i — 1)2. Thus V'iXi — tpi + ipia, where 1 / a G G[xi]- In 
particular, |C[xi]| = |C[x 2 ]| = 2. 

Let ipi be any irreducible character of degree 3; thus ipi = gipi, for 
some g e G(H). Hence = = 1 + Xi + i> + i>' ■ 

Then x\ — l + ° + where x is irreducible of degree 2. Comparing 
decompositions of i\)\x\i we find that ipix = ipi + ipia, implying that 
m(x, iplipi) = 1 an d in turn that x = Xi- Then G[xi] U {xi} gi ye r i se 
to a Hopf subalgebra Ai of dimension 6. We have also Tn(xi,X2Xi) = 
m(x2,Xi) = 0. Therefore m(x 2 , X2X1) = ™(X2,XiX2) = ™(Xi,X 2 ) > 0, 
implying that m(x 2 , X2X1) = ™(Xi,xl) = 1- Thus X2 = M«e 
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G(H) and x\ = l + ° + I n particular, A\ is the only six-dimensional 
Hopf subalgebra of H as claimed. □ 

Note that the set {■?/>, ip'} is stable under the adjoint action of G(H) 
and also under *. Also, if ip — ip', then H is not simple; indeed, 
in this case, G[xi], Xii an d dip = ipa span a standard subalgebra 
corresponding to a Hopf subalgebra of dimension 24. 

(vi) Suppose that H is of type (1, 4; 2, 2; 6, 1) as a coalgebra. Then 
H contains a unique Hopf subalgebra A of dimension 12, which coin- 
cides with the sum of simple subcoalgebras of dimension 1 and 4. 

LEMMA 11.1.3. Suppose that H is of type (1, 4; 2, 7; 4, 1) as a coal- 
gebra. Then H is not simple. 

Proof. By Proposition 2.1.3, H contains a Hopf subalgebra A of 
dimension 8. In particular, the group G(H) = G(A) is not cyclic. 

Let ( E H be the unique irreducible character of degree 4. Hence 
we have g( = ( = (g, for all g G G(H). Let A G A be the unique 
irreducible character of degree 2. We claim that 

AC = 2C = CA. 

Indeed, otherwise, there would exist x G X 2 such that m(x, AC) > 0; 
hence AC = X + • • • ■ Multiplying on the left by A, and using that 
A 2 = X^eG(.ff) 9' we fi 11 ^ that Ax = C is irreducible. This contradicts 
Lemma 2.4.1. Thus AC = 2(, and then CA = (AC)* = 2C* = 2(. Hence 
the claim is established. 

This implies that AC = C = CA. It follows from Corollary 3.2.5 
and [M5, Theorem 4.8 (1)] that A is commutative. Suppose that B C 
H is another Hopf subalgebra of dimension 8. Then the same argument 
applies, and thus k[A, B]C = C = Ck[A,B}. Hence dimk[A,B] = 16 
and the Hopf subalgebra k[A, B] is normal in k[C\ = H. Therefore H 
is not simple in this case. 

Suppose next that B C H is a Hopf subalgebra of dimension 6; we 
may assume that k[A, B] = H. We have G(B) fl Z(B) ^ 1 and, since 
A is commutative, this group is central in k[A, B] = H. Hence H is 
not simple in this case. 

Since H cannot contain Hopf subalgebras of dimension 32, there 
exist X-, i> X 2 such that x*^ — C is irreducible of degree 4. It follows 
from Lemma 2.4.1 that G[x] and G[i/j] are distinct subgroups of order 
2 of G(H). Write ipip* = 1 + a + r, where r G X 2 and G[tp] = {1, a}; 
thus t = t* and G[ip] C G[t\. Similarly, XX* = 1 + + where \x G X 2 
and G[x] = {1,&}; thus fj, — /i* and G[x] Q G[fi]. In view of Lemma 
2.4.1, we have /i ^ r. Hence, after changing if necessary ip and Xi we 
may assume r ^ A. 
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Suppose G[t] = G(H). Then r and G(H) span a standard subalge- 
bra corresponding to a Hopf subalgebra of dimension 8, and we know 
H is not be simple in this case. Hence we may assume \G[t]\ = 2. 
If r = ipg, g G G(H), then r 2 = ipg(?pg)* = 1 + a + r. Thus r and 
G[t] span a standard subalgebra corresponding to a Hopf subalgebra 
of dimension 6, and H is not simple. 

Therefore we may assume that the orbits tG(H) and ipG(H) are 
disjoint. Then the orbits of the right action of G(H) on X 2 are 



and the only orbits with (left) stabilizer G[ip] are ipG(H) and tG(H). 

Note that if ir G X2 is such that m(ir,ilj() > 0, then m(C,7r*'0) = 
m(7r,?K) > 0. Therefore G[tt] n Gty>] = 1 and vr G Thus = 

X+X^ + C> f° r some t G G(H). In particular, m(C, C - ^*) — m ((, V'C) = 1- 

On the other hand, C - ^* = X*^* — X* + X* a + X* T - Hence x*^ = C 
is irreducible. Letting X = {p G X 2 : x*p = ^}, we have X = 
ipG(H) U tG(H). Moreover, we have G(H)X = X = XG{H): the left 
hand side equality, because G[gp] = G[p], for all g G G(H), and the 
only elements in X 2 with stabilizer G[ip] are in i[)G(H) U tG(H) = X. 

Let a, p G X' = X U {A}. Then the product <r*p 7^ £. Note also 
that, for all p G X, we have in(x, p() = m{x9iPQ = m {(>X*P) = 1- 
Hence we have pC = X + + Cj an d thus m(p, C 2 ) = 1, for all p G X. 

This allows us to write ( 2 = Yl<geG(H) fi , +2A + J^ peX p. In particular, 
it follows that X' is closed under *. If a G X, then 



This implies that for all a, p G X, the product pa decomposes as a 
sum of elements of X' U G(H). Also, since AC 2 = 2( 2 = ( 2 \, then all 
products Act, cr\ decompose as sums of elements of X, for all a G X. 

Hence X' U G(H) spans a standard subalgebra of R(H*) which 
corresponds to a Hopf subalgebra of dimension 24. This proves the 
lemma. □ 



XG(H), X G(H), ipG(H), tG(H) 




geG{H) pex 



KK = (X + Xt + C)C = 2xC + C 2 
2$>+ £ + 2A + ^p. 



j^ex geG(H) pex 



Lemma 11.1.4. Assume that H is of type (1, 6; 2, 6; 3, 2) as a coal- 
gebra. Then H is not simple. 
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Proof. Since the dimension of H is not divisible by 30, there must 
exist x £ X 2 such that G[x] = 1. By Theorem 2.2.1, H has a Hopf 
subalgebra A of type (1, 3; 3, 1) coalgebra. 

Let ip G if* be the unique irreducible character of degree 3 in 
A. Then we have ip 2 = 1 + a + a 2 + 2ip, where G[ip] = {l,a, a 2 }. 
Let b G G(H) of order 2, so that bxp = ip' = ipb is the remaining 
degree 3 irreducible character. We have ip'ip, ipip' belong to the span 
of G(H) U {ip,ip f }. Thus G(H) U {ip,ip f } spans a standard subalgebra 
of H which corresponds to a Hopf subalgebra of dimension 24. This 
implies that H is not simple, as claimed. □ 

Lemma 11.1.5. Assume that H is of type (1,3; 3, 5) as a coalgebra. 
Then H is not simple. 

Proof. Let tp G H be an irreducible character of degree 3. De- 
composing the product ipip*, we see that G[ip] = G(H) is necessarily of 
order 3. 

By Remark 3.2.7, the quotient coalgebra H/H(kG(H)) + is cocom- 
mutative. In particular, we may assume that |G(iJ*)| is not divisi- 
ble by 3: otherwise H would be a biproduct H = R#kG(H) : with 
R ~ H / H(kG(H)) + cocommutative, implying that H is not simple, 
by Proposition 4.6.1. 

By Lemma 11.1.1 and the previous lemmas, we may assume that 
there is a Hopf algebra quotient H — > B, where dimf? = 4; hence 
dimF oB = 12, and by [NZ], kG(H) CH coB . 

Let H coB = kG(H) © V 1 © V 2 © V 3 be a decomposition of H coB as 
a sum of irreducible left coideals of H. If Vi, V 2 and V3 are pairwise 
isomorphic, then H coB is a subcoalgebra of H and the map H — > B is 
normal. Hence we may assume that Vi appears with multiplicity 1 in 

^co B 

Suppose that Vi appears with multiplicity 1 in H coB . Then neces- 
sarily gVi = V = Vg, for all g G G(H), i = 1,2,3. Let d C H be 
the simple subcoalgebra containing V^. By Corollary 3.5.2 kG(H) is 
normal in fc[Cj]. Hence, we may assume that dim k[Ci] = 12. 

We claim that Vi appears with multiplicity 1, for all %. As above, 
implies that G(H) is normal in k[Ci] for all %. Since k[C±, C 2 , C3] = H, 
it follows that G(H) is normal in if and we are done. 

To prove the claim we argue as follows. By Lemma 1.7.1, (H coB )* ~ 
Indf» 1 as left H *-modules. Hence, Ind^» 1 = X) ff eG(H) fi 1 + "^l + 2^2, 
where ipi ^ ip 2 E H are irreducible characters of degree 3. In particular, 

We may also assume that the Hopf subalgebra k[C], where C is the 
subcoalgebra corresponding to ip 2 , is all of H; otherwise, dimA;[C] = 12 
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and G(H) would be normal in k[C], hence G(H) would be normal in 
H — k[C, Ci] (by dimension). 

By Frobenius reciprocity, t/^Ib* — 2.1 + t, where 1 ^ t G G{B). 
Since = 4>2, then t 2 — 1. Let A — k(t)CB. Consider the composi- 
tion 

7i : H -> B ^B := B/BA+. 
We have V^li? = ^(^2) — 3.1. Applying again the Frobenius reciprocity, 
this gives m(^ 2 , Ind^* 1) = 3 = deg-^2- 

Therefore, by Lemma 1.7.1, iJ coB contains the simple subcoalgebra 
C corresponding to ip 2 - This is absurd, since it implies that k[C] = 
H C H coB . This finishes the proof of the lemma. □ 

LEMMA 11.1.6. Assume that H is of type (1, 3; 2, 9; 3, 1) as a coal- 
gebra. Then H is not simple. 

Proof. Let ip be the unique irreducible character of degree 3. For 
all irreducible character // of degree 2, we have jiji* = 1 + ip. By 
Theorem 2.2.1, G(H) and ip span a standard subalgebra of R(H), 
which corresponds to a commutative Hopf subalgebra of coalgebra type 
(1, 3; 3, 1). In particular, the dimension of an irreducible if-module is 
at most [H : A] = 4. Thus H* cannot be of type (1, 3; 3, 1; 6, 1). More- 
over, by previous results in this section, we may assume that either H* 
is of type (1, 3; 2, 9; 3, 1) as a coalgebra, or else there is a Hopf algebra 
quotient H — > B, where dim B = 4. 

In the last case, we have dimH coB = 12 and G(H) C H coB , by 
[NZ]. Also, unless A = H coB is normal in H, we may assume that 
H coB contains an irreducible left coideal V of dimension 2. Therefore, 
H coB = kG(H) © ® g eG{H)gV © W as a left coideal of H, where W is 
an irreducible left coideal of dimension 3. This implies that G(H)x = 
xG(H), where x is the character of V. Moreover, by Lemma 1.7.1, 
there exists g G G(H) such that x* — 9oX- 

The relation x*X — 1 + ^ implies that ipx = J2 g eG(H) 9X- Also, for 
all g, h E G(H), we have xh — ^oX> f° r some h G G(H) and therefore, 

(gx)(hx) = ghox 2 = gh (g r 1 x*x, 

so that {gx){hx) belongs to the span of G(H) and ip. It follows that 
G(H),ip and G(H)x span a standard subalgebra, corresponding to a 
Hopf subalgebra of dimension 24. Hence H is not simple in this case. 

Suppose finally that H* is of type (1, 3; 2, 9; 3, 1) as a coalgebra. 
Then there is a projection q : H — > Z?, where -B = kG(B) is of dimen- 
sion 12. The coalgebra structure of B* implies that G(B) has a unique 
normal subgroup of order 4. We have necessarily H coB = kl(&V, where 
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V is an irreducible left coideal of dimension 3; whence dim q(A) = 3 
and g(^) = £ xeG{?(A)) x - 

Since \X 2 \ is odd, there exists an irreducible character x of degree 
2, such that x* — X- Then q(x) = a + b, where a,b G G(B). The 
relation x 2 = 1 + ^ implies that G(g(A)) C (a, 6). We cannot have 
a 2 = 6 2 = 1, since otherwise (a, b) would be contained in the unique 
subgroup of order 4 of G(B). Hence b = a -1 , and G(q(A)) = (a) of 
order 3. 

Let C be the simple subcoalgebra containing x- Then q(k[C]) = (a); 
in particular, k[C] ^ H. In addition, A C k[C], so that 12/ dim/c[C]. 
Hence, dim/c[C] = 24 and thus H is not simple. This finishes the proof 
of the lemma. □ 

LEMMA 11.1.7. Let H be of type (1, 8; 2, 2; 4, 2) or (1, 8; 2, 10) as a 
coalgebra. Assume H is simple. Then H contains a Hopf subalgebra of 
dimension 16. 

PROOF. If H is of type (1, 8; 2, 2; 4, 2), the claim follows from Re- 
mark 11.1.2 (iii). So assume H is of type (1,8; 2, 10). For all A G X 2 
we have \G[X]\ = 2 or 4. 

Suppose % G X 2 is such that G[x] = G[x*] of order 4. Let A = 
fc(j[x] and C the simple subcoalgebra containing x- We have AC = 
C = CA, whence A is normal in k[C] by Proposition 3.2.6. Since 
\G[x}\ — 4, A is normal in kG(H) and then it is also normal in = 
fc[C, G(H)\. But dim if > 8 is divisible by 8, and we are assuming that 
H is simple. Hence dimfT = 16 and we are done. 

Assume first that |G[A]| = 4 for all A G X 2 . We claim that there 
exists x X 2 such that G[x] = G[x*], implying the lemma. To prove 
the claim, consider the action of G(H)xG(H) on X 2 given by (g, h).x = 
gxh^ 1 . The orbit of an element x is G(H)xG(H), so it has order 2 or 
4, and clearly G(H)xG(H) and G(H)x*G(H) are of the same order, 
for all x- Also, because G[x] is normal in G(H), G[X] = G[x] for all 
A G G(H)xG(H). Suppose on the contrary that G[x] ^ G[x*] for all 
X G X 2 . Then G(H) X G(H) and G(H) X *G(H) are disjoint. Let a G X 2 
such that a is not conjugate to x nor to x* (such an a exists because 
\X 2 \ = 10). Then the orbits G(H) X G(H), G(H) X *G(H), G{H)aG{H) 
and G(H)a*G(H) are pairwise disjoint. 

Then \X 2 \ = 10 > 2|G(if)x(7(if)| + 2\G(H)aG{H)\ > 8, and 
there must exist j3 not in any of these orbits. Hence, by dimension, 
G{H)(3G{H) = G{H)(3*G{H). Thus G[(3\ = G[(3*\ and the lemma 
holds in this case. 

Suppose next that |G[A]| = 2 for some A G X 2 . Then AA* = 
E 9eG [A] 9 + X for some x G X 2 such that x* = X- If |C[x]| = 4, then we 
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are done. Otherwise, we may assume X G(H) is the only orbit with 4 
elements: if not, since |X 2 | = 10, there would be a unique orbit aG(H) 
with stabilizer of order 4, and thus G[a*] = G[a] implying the lemma. 

In particular, for all g G G(H), g X g~ l — X a > a G(H), and 
therefore G[g X g- 1 ] = gG^g' 1 = G[ X \. That is, G[ X ] < G(H). 

Also \ = x t,tE G(H), and X 2 = E 9 eG[ x ] 9 + X- Hence G[ X ] and X 
span a standard subalgebra corresponding to a Hopf subalgebra A of 
dimension 6. Moreover, G[ X ] is central in A. Then is normal in 

k[A,G(H)}. But this implies dimk[A,G(H)} = 24 or 48, and H is not 
simple in this case. □ 

Lemma 11.1.8. Suppose that H is of type (1, 8; 2, 6; 4, 1) as a coal- 
gebra. Then H is not simple. 



Proof. Let ( G C be the unique irreducible character of degree 4 
in H. Let X = { X G X 2 : m(x, C 2 ) > 0}, so that C 2 = E geG (H)9 + 
E xe x n xX + nC, where n x = m( X , ( 2 ) = m((, X () = 1 or 2, x G X. We 
have X is stable under * and left and right multiplication by G(H). 

If X = then G(H) and £ span a standard subalgebra correspond- 
ing to a Hopf subalgebra of dimension 24. Hence H is not simple in 
this case. Thus we may assume 1^(3. 

Let X G X. We have X ( = n x ( + E A, where A runs over the set 
A = {A G X 2 : m(A,xC) = m (C > 0}. Then degxC = 4n x + 2|A|. 
Note that AG(H) = A, so that |A| = (iff n x = 2) or 2 (iff n x = 1). 

If |A| = 0, we have n x = 2. Since #x appears in ( 2 with the 
same multiplicity as X , for all g G G{H). Then = 4 and C 2 = 

J2 g eG(H)9 + 2% + 2tX) f° r some t G G(H). In particular G(H) X = 
X G{H). Also xC 2 = 2C 2 - Then G(if), G{H) X and C span a standard 
subalgebra corresponding to a Hopf subalgebra of dimension 32. This 
is impossible by [NZ]. Hence |A| = 2; say A = {A, Aa}, a G G(H). 
In particular, |G[A*]| = |G[A]| =4. Then n x = 1, for all X G X. So 
that C 2 = J2 9 eG(H)9 + Xi + X2 + C, with X = if 1^1 = 2, 

or C 2 = T. g eG{H) 9 + X1 + X2 + X3 + X4, with X = {xi, X2, Xs, X4>, if 
|X| = 4. 

Then, for each X^-^)XC = C + ^ + an d thus xC 2 = C 2 + 
A(l + a)( = C 2 + 2AC- Now since A*x = C, then AC = AA*x e 
Hence xC 2 belongs to the span of G(H), ( and X. Since this happens 
for all x X, then the irreducible summands of £ 2 span a standard 
subalgebra corresponding to a Hopf subalgebra of dimension 32 or 24. 
By [NZ] the first case is impossible, and the second one implies that 
H is not simple. □ 
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Lemma 11.1.9. Suppose H is of type (1, 3; 3, 1; 6, 1) as a coalgebra. 
Then H is not simple. 

Proof. The irreducible characters of degrees 1 and 3 span a stan- 
dard subalgebra of R(H), which corresponds to a Hopf subalgebra A 
of dimension 12. By [F] A is commutative. In particular, dim V < [H : 
A] = 4, for all irreducible if -module V. 

Suppose on the contrary that H is simple. Then there is no Hopf 
algebra quotient H — > B with dim B = 16: otherwise, by [NZ], 
kG(H) = H coB is a normal Hopf subalgebra of H . In view of Lemma 
11.1.1 and the previous results, it follows that dim V = 1, 2 or 3 for all 
irreducible if -module V. It follows as well that \G(H*)\ = 4 or 12, and 
thus G(H*) contains a subgroup L of order 4. 

Consider the Hopf algebra projection if* — > A*. Then (H*) coA * C 
(H*) coq , where q : H* — > £; G ( H ) is the natural projection. By [NZ], 
we have AT C (H*) coq . In particular, since (H*) coq ^ kG(H*), T = 
G{H*) fl (H*) coq is a normal subgroup of G(H*), and it is therefore its 
only subgroup of order 4. 

Claim 11.1.10. (H*) coq contains no irreducible left coideal of di- 
mension 3. 

Proof. Suppose otherwise that U C (H*) coq is an irreducible left 
coideal of dimension 3. Hence H* is of type (1, 4; 2, 2; 3, 4) or (1, 12; 3, 4) 
as a coalgebra, and there is a Hopf subalgebra B C if* with dim £ = 
12, such that B is cocommutative or of type (1, 4; 2, 2). 

Since <?[/ is not isomorphic to U, for all g E L, the sum X^er^ 
is direct and by dimension, (H*) coq = kT © ® ger gU. Hence, if if is 
simple, (f/*) coA * — kl(BgU, for some This implies that B coA * = 

B H (fp) COj4 * — a nd therefore that i? ~ A* is cocommutative and 
H* ~ i?#5 is a biproduct, where i? is a braided Hopf algebra over B 
of dimension 4. Proposition 4.4.6 implies that H is not simple in this 
case. Hence the claim follows. □ 

In view of the claim, we may assume that (if*) coA * — kl © kt © V, 
where 1 ^ i G G(H*), and V is an irreducible left coideal of dimension 
2. In particular, tV = V = Vt. So that, letting C be the simple sub- 
coalgebra of H* containing V, we find that t is central in the Hopf sub- 
algebra k[C], by Corollary 3.5.2. In particular, k[C] + H* and by [NZ], 
dim/c[C] = 12 or 8. In the first case, the restriction q\ : k[C\ — > k G ^ 
is surjective; then by [F] k[C] is trivial, whence necessarily commuta- 
tive. But this implies that dimU < [H* : k[C}] = 4, for all irreducible 
if-comodules U, against the assumption on the coalgebra type of H. 
Hence dim^C] = 8 and k[C\ C (H*) coq . 
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We have therefore a decomposition (H*) coq = k[C]®Vi®V 2 @V z ®V^ 
where Vi is an irreducible left coideal of dimension 2 of H*, for all 
i = l,...,4. 

Note that Vi appears in (H*) cog with multiplicity 1, for all %. Other- 
wise, say C\ C (H*) coq , where C\ is the simple subcoalgebra containing 
Vi. Then fc[C, Ci] C (#*) c ° 9 ; but the inclusion fc[C] C fc[C, Ci] is strict, 
so k[C, Ci] = (H*) coq by dimension restrictions, implying that if is not 
simple. 

Let Tj e X 2 be the irreducible character corresponding to Vi, i — 
1,...,4, and let A be the character of V. By Frobenius reciprocity 
m(l,q(TiT*)) = 2, thus Gfc] 7^ F, because g(g) = 1, for all j G T. 
Hence Gbi] is a subgroup of order 2, for alH = 1, . . . , 4. Similarly, we 
see that m{ji, At*) = m(A, TjT*) = 

Without loss of generality we may write r 2 = hr± and r 4 = g>T3, for 
some h,g E T\{1}. By the above, Ati = r 3 + r 4 . Write g(ri) = 1 + x, 
where 1 7^ x is of order 3. Since q(X) = 2.1, we find that q(Tj) — 1 + x, 
for all % — 1, . . . , 4. This is impossible, since by Lemma 1.7.1, we must 
have Tj* = ^ for some i, and since ?(r*) = 1 + x~ x . This contradiction 
finishes the proof of the lemma. □ 

Lemma 11.1.11. Suppose that H is simple. Then \G(H) \ ^ 12. 

This discards the possibility that the types (1, 12; 2, 9), (1, 12; 3, 4) 
and (1, 12; 6, 1) in Lemma 11.1.1 correspond to a simple Hopf algebra. 

PROOF. Suppose on the contrary that \G(H)\ = 12. 
Claim 11.1.12. \G(H*)\ = 12. 

Proof. There is a Hopf algebra surjection H* — > B, where B ~ 
/cZ 3 . Therefore, H* does not contain any Hopf subalgebra A of dimen- 
sion 16. Indeed, if this were the case, necessarily (H*) coB = A, by 
[NZ]; hence H would not be simple. 

Suppose that \G(H*)\ 7^ 12. By previous results, H* must be of 
type (1,4; 2, 2; 3, 4), (1, 4; 2, 11) or (1, 4; 2, 2; 6, 1) as a coalgebra. 

Consider first the case where H* is of one of the types (1, 4; 2, 2; 3, 4) 
or (1, 4; 2, 2; 6, 1); so that H* contains a Hopf subalgebra A of dimension 
12, which is of type (1, 4; 2, 2) as a coalgebra. Since kG(A) C {H*) coB , 
and dim(#*) coB = 16, then (#*) coB n A = kG(H*). Let 11 : H* —> 
foG(H) k e na t ura j Hopf algebra projection. Then we have (f/~*) C07r c 
(H*) coB and dim(iy*) co ^ = 4. Hence, (F*) C07r = fci © H^, for some 
irreducible left coideal W of dimension 3. (In particular, H* is not of 
type (1,4; 2, 2; 6,1).) 
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Thus (H*) C07T H A = kl and the restriction ir\ A : A — > A; 6 ^) is 
an isomorphism. This implies that H is a biproduct = R#kG(H). 
Then the claim follows in this case from Proposition 4.4.6. 

Suppose next that H* is of type (1,4; 2, 11). By Proposition 2.1.3, 
there is a Hopf algebra quotient H — > 5' where 5' is of algebra type 
(1,4; 2, 1); so that dim//™- 8 ' = 6. This implies that H is not of type 
(1,12; 6,1). 

By [NZ], any subgroup of order 3 of G(H) is contained in H coB . 
Hence, G(H) contains a unique subgroup F of order 3, and F is the 
unique subgroup of G(H) contained in H coB . 

Suppose H is of type (1, 12; 3, 4). Then H coB ' = kF ®V, where 
V is an irreducible left coideal of H of dimension 3. Then we have 
gV = V = Vg, for all g G F. Let C be the simple subcoalgebra of H 
containing V. By Corollary 3.5.2, kF is normal in k[C\. 

Besides, since H coB ' is normal in H, we have gCg' 1 = C, for all 
g G G(H). Since k[C] and G(H) necessarily generate H as an algebra, 
it follows that k[C] is normal in H. This discards this type as the 
coalgebra structure of H . 

Finally, suppose H is of type (1,12; 2, 9). Then we must have 
H coB' = kF ® ® g&F gV, where V is an irreducible left coideal of H 
of dimension 2. This is not possible, since dim.H coB ' = 6. Thus H is 
not type (1, 12; 2, 9) and the proof is complete. □ 

Claim 11.1.12 implies that H is not of type (1, 12; 6, 1) as a coalge- 
bra: indeed, in this case, H cohG{H > C kG(H) and therefore kG(H*) is 
a normal Hopf subalgebra of H*. 

Since \G(H)\ = \G(H*)\ = 12, then H = R#kZ 3 is a biproduct. 
In particular, G(H) contains a unique (normal) subgroup of order 4. 
There is in addition a Hopf algebra surjection H — > B, where dim B = 
4. Thus if F C G(H) is a subgroup of order 3, then F C H coB . This 
shows that G(H) also contains a unique (normal) subgroup of order 3. 
Thus G(H) is abelian. This implies that H is not of type (1, 12; 3, 4), in 
view of Proposition 4.6.1, since in this case R will be a cocommutative 
coalgebra, by Remark 3.2.7. 

It remains to discard the case where H is of type (1, 12; 2, 9). Let 
r C G(H) be the unique subgroup of order 4. Then there is an irre- 
ducible character A of degree 2, such that T U {A} spans a standard 
subalgebra of R(H*), corresponding to a Hopf subalgebra A of dimen- 
sion 8. 

By [NZ] , we must have A C R. Also, since R is not a Hopf subalge- 
bra, R can contain only one simple subcoalgebra of dimension 4, which 
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implies that this subcoalgebra (and hence all of A) is stable under the 
action of Z 3 by conjugation. 

Hence B = k[A, Z 3 ] contains A as a normal Hopf subalgebra, and 
thus B ^ H. Since dimi? is divisible by 3 and 8 = dim A, we get 
dim B = 24. This implies that H is not simple. The lemma follows. □ 

11.2. Further reductions 

In this section we further reduce the possibilities for the (co)algebra 
structure of an eventual simple H . 

Lemma 11.2.1. Suppose that H is of type (1,4; 2, 11) as a coalgebra. 
Then we have 

(i) There exists an 8- dimensional non-cocommutative Hopf subal- 
gebra A C H . 

(ii) Assume in addition that H is simple and contains a Hopf 
subalgebra A of dimension 12. Then neither A nor A is commuta- 
tive. In this case, there exists a twist G kG(H) £g> kG(H) such that 
\G{H^)\ = 12, 24 or 48. In particular, is not simple. 

Proof. Part (i) follows from Proposition 2.1.3. We show part (ii). 
Note that a Hopf subalgebra of H of dimension 12 is necessarily of coal- 
gebra type (1,4; 2, 2). Let B = k[A ,A] be the subalgebra generated 
by A and A, so that B is a Hopf subalgebra of H. Since 8 = dim A 
divides the dimension of B and also 3/ dim A/ dim_B, then 24 divides 
the dimension of B. H being simple by assumption, we may assume 
that B = H . In other words, Aq and A generate H as an algebra. 

Also G(A ) = G{A) = G(H) is not cyclic. 

Suppose that A is commutative. We know that there exists a central 
group-like element 1 ^ g G G(A ). Since A is commutative, and 
G(Aq) = G(A), then g commutes with A. Therefore g is central in 
fcL4 ,A] = H, contradicting the simplicity of H. A similar argument 
shows that A cannot be commutative. The last statement of the 
lemma follows from Proposition 5.2.1. □ 

Lemma 11.2.2. Suppose H = Rj^A is a biproduct, where dim A = 
16. Then H is not simple. 

Proof. We have dimi? = 3, thus R is commutative and cocom- 
mutative. As a left coideal of H, we may assume that R = kl © V, 
where V is an irreducible left coideal of dimension 2. 

If A is cocommutative, then the lemma follows from Proposition 
4.4.6. So we may assume A is not cocommutative. By Lemma 4.3.3, 
p(R) C kG(A) ® R. 
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It is not difficult to see that there must exist a normal Hopf subalge- 
bra B of A such that kG(A) C B and dim B = 8. Thus p(R) C B <g> i? 
and is a normal Hopf subalgebra (of index 2) of i/. □ 

Lemma 11.2.3. Suppose that H contains a Hopf subalgebra A with 
dim A = 16. If there is a quotient Hopf algebra q : H — > B, with 
dimi? = 16, then H is not simple. 

Proof. We have dimiJ coS = 3. Hence, by Lemma 1.3.4, A n 
H coB = kl, thus H = Rj^A is a biproduct. The lemma follows from 
Lemma 11.2.2. □ 

LEMMA 11.2.4. Suppose that H is of coalgebra type (1, 4; 2, 2; 3, 4) 
or (1, 4; 2, 2; 6, 1). Assume in addition that there is a Hopf algebra 
quotient q : H — > B, with dimi? = 16. Then H is not simple. 

PROOF. We consider first the case where H is of type (1, 4; 2, 2; 6, 1). 
Let ip be the unique irreducible character of degree 6, and let X\i Xi be 
the irreducible characters of degree 2. Then xi, X2 £ A, where A is the 
unique Hopf subalgebra of dimension 12 of if; see Remark 11.1.2 (vi). 
We shall show that A is normal in H . 

It is not hard to see that 

(11.2.5) i?= 9 + 2xi + 2x2 + ^. 

geG(H) 

Necessarily, we must have H coB = kl®V, where V is an irreducible 
left coideal of H of dimension 2. In particular, H coB = A coB and q(A) 
is a four-dimensional Hopf subalgebra of B. 

We first claim that B is of type (1,4; 2, 3) as a coalgebra. To prove 
this, we consider the possible decompositions of q(ip) = iP\b* into a sum 
of irreducible characters in B. It follows from Frobenius reciprocity, 
together with equation (11.2.5), that q(ip) = Ai + A 2 + A 3 , where Aj 
are pairwise distinct irreducible characters of degree 2 in B. Hence B 
must be of the prescribed coalgebra type. 

Therefore, q(A) = kG(B); since this is the unique Hopf subalgebra 
of dimension 4 in B. 

On the other hand, it follows from the classification results in [K] , 
that kG(B) is normal in B. For the sake of completeness, we give 
a proof of this fact in what follows. We may assume that B is not 
commutative. By [K, 3.3], B fits into a cocentral abelian extension 

l^K^B^kF^O, 

where F = (t : t 2 = 1) ~ Z2 and K is a commutative Hopf algebra 
of dimension 8. In particular, kG(B) is contained in K and therefore 
G(B) = G(K) is central K. 
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Let e = J2xeG(B) 9- As an algebra, H is a smash product H = 
K#kF, with respect to an action — F x K — > K by Hopf algebra 
automorphisms. Hence, the action of t G F permutes the elements of 
G(B), and therefore t — e = e. 

Note that if is generated as algebra by K and T := l#t. It follows 
from the above discussion that 

Te = (t e)#* = e#t = Te. 

Hence e G Z(H), which proves the desired fact. 

Consider the sequence of surjective Hopf algebra maps 

H — B 5', 

where B' = B / B(kG{B)) + . Since q(A) = kG(B), we have A C # co sY 
Thus, by dimension, A = H coqq and it is a normal Hopf subalgebra, 
as claimed. 

Now consider the case where H is of type (1, 4; 2, 2; 3, 4). We shall 
keep the notation in Remark 11.1.2 (v). 

For all irreducible character fa of degree 3, we have relations 

(11.2.6) fafa = l + xi + ^ + ^', 

and Xirfi — i>i + Q, 0i) where V'jV'' are fixed irreducible of degree 3, 
G[Xi] = {l,a}, and xi G A 1; where Ai is the unique six-dimensional 
Hopf subalgebra of H . 

Observe first that fa = i/jg, for some g G G(H). We shall show 
that g G G[xi]- So that the irreducible characters l,a,xi,i>,a>i>, span 
a standard subalgebra of R(H*) corresponding to a Hopf subalgebra of 
dimension 24, whence H is not simple in this case. 

We have H coB = kl © V, where V is an irreducible left coideal 
of dimension 2, and necessarily V C. Ai, since dimAi does not divide 
dim_B. Hence, q(xi) = (xi)\b* = 1 + a, where 1 / a 6 G(B). Since 
a Xi — Xi; an d <z(a) 7^ 1, then q(a) = a. 

On the other hand, m(l, q(fa)) = m(fa, Ind#* 1) = 0, for all i = 
1, . . . , 4. The relation (11.2.6) implies that m(l, q(fafa)) = 2. 

This implies that q{fa) = (3 + A and q , (V ; ') = P' + A', for some 
13,13' G G(-B), and A, A' G X 2 {B). By Frobenius reciprocity, and 
a are pairwise distinct elements of G{B). 

Using again equation (11.2.6) for fa = if), we find that A*A = 1 + 
j3 + (3' + a; hence {1, f3, ft', a} = G[X*] is a subgroup of G(B). Therefore 
13a = 13'. 

Using Frobenius reciprocity, we have 

ifja = (Indf** (3)a = Indg,*(/3a| B .) = Indg.'(/to) = Indf l{(3') = fa. 
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This establishes the claim and finishes the proof of the lemma. □ 

Lemma 11.2.7. Suppose that H contains a Hopf subalgebra A with 
dim A = 16. Then we have: 

(i) If H is simple, then H is of type (1,4; 2, 11) as an algebra, and 
there exists a normalized 2-cocycle G kG(H*) ® kG(H*) such that 
(H*)^ is not simple. 

(ii) Assume in addition that A is cocommutative. Then H is not 
simple. 

By part (ii), if H is of type (1, 16; 2, 8) or (1, 16; 4, 2), then H is not 
simple. Therefore, if H is simple and contains a Hopf subalgebra of 
dimension 16, H is of type (1, 8; 2, 2; 4, 2), (1, 8; 2, 10), (1, 4; 2, 3; 4, 2) or 
(1, 4; 2, 11) as a coalgebra. 

Proof, (i) By previous lemmas, \G(H*)\ ^ 2,3,6, 12 and there is 
no Hopf subalgebra B C H* with dim B = 16. 

Consider the projection 7T : H* — > A*; we may assume (H*) coA * = 
kl © V, where V is a left coideal of H* of dimension 2. It follows 
from Lemma 11.1.1 that G[x] ^ 1, where x = Xv is the character 
corresponding to V. Then |G[x]| = 4 or 2. 

By Theorem 2.5.1, H* contains a Hopf subalgebra B of dimension 
3\G(H*)\. We may assume that \G(H*)\ = 4 or 8, and therefore, 
dim B = 12 or 24. 

Since H is simple, dim 5 = 12, and therefore \G(H*)\ = 4. It 
follows from Lemma 11.2.3 and the results of the previous section, that 
H* is of type (1, 4; 2, 2; 3, 4), (1,4; 2, 2; 6, 1) or (1, 4; 2, 11) as a coalgebra. 
In view of Lemma 11.2.4, H* is of type (1, 4; 2, 11) as a coalgebra. 

Since H* contains a Hopf subalgebra A of dimension 12, by Lemma 
11.2.1, there exists a normalized 2-cocycle G kG(H*) <g> kG(H*) such 
that = 12, 24 or 48. Then is not simple. This proves (i). 

(ii) We may assume that \G(H)\ = 16 and H is simple. As in the 
proof of part (i), it follows that H* contains a Hopf subalgebra B of 
dimension 12. Consider the dual projection q : H — > £>*; we have 
dimif coB * = 4. Also, by a dimension argument using [NZ], the kernel 
of the restriction of q to G(H) must be of order 4. Thus H coB * C 
kG(H) and g is normal. Hence is not simple in this case. □ 

We summarize the results of this section in the following corollary. 

COROLLARY 11.2.8. If H is simple, the possible coalgebra types for 
H and H* must be among the following: 

(1,4; 2, 2; 3, 4), (1, 4; 2, 2; 6, 1), (1,4;2,11) 

(1,4; 2, 3; 4, 2), (1, 8; 2, 2; 4, 2), (1,8; 2, 10). 
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Moreover, either H or H* must be of one of the types listed in the first 
row, and if the type of H is in the second row then the type of H* is 
(1,4;2,11). □ 

11.3. Main result up to cocycle twists 

We shall prove in this section that semisimple Hopf algebras of 
dimension 48 are not simple, up to a cocycle twist. 

Lemma 11.3.1. Suppose H is simple. Then H admits no Hopf 
algebra quotient H — > B , where B is a cocommutative Hopf algebra of 
dimension 12. 

Proof. We shall consider separately the coalgebra types listed in 
Corollary 11.2.8. 

Claim 11.3.2. Suppose H — > B is a Hopf algebra quotient where B 
is cocommutative and dim£> = 12. Then H* is of type (1, 4; 2, 2; 3, 4) 
or (1, 4; 2, 2; 6, 1) as a coalgebra. 

PROOF. By assumption B* C H* is a commutative Hopf subal- 
gebra of dimension 12. If H* is not of the prescribed types, then 
there is a Hopf subalgebra A C H* of dimension 8. Since H is sim- 
ple, we may assume k[A, B*] = H. On the other hand, there exists 

1 ^ g e Z(A) n G(A). If g e B*, then g is central in k[A, B*\ = H 
and H is not simple. If g £ B*, then \G(H*)\ = 8 and G{B*) C 
G(H*) is a normal subgroup (of index 2). Then kG(B*) is normal in 
k[G(H*), B*\ = H. □ 

Suppose first that H is of type (1, 4; 2, 2; 6, 1) as a coalgebra. The 
lemma follows in this case from 1.1, since a cocommutative quotient 
Hopf algebra B of dimension 12 of H is the same as a commutative 
Hopf subalgebra B* of index 4 of H*, and since H* has an irreducible 
module of dimension 6 > [H* : B*]. 

Suppose that, as a coalgebra, H is of one of the types 

(1,4; 2, 3; 4, 2), (1, 8; 2, 2; 4, 2), (1,8; 2, 10). 

Then H contains a Hopf subalgebra of dimension 16 and H* is of type 
(1, 4; 2, 11) as a coalgebra. Then the lemma follows from Lemma 11.2.1. 

Suppose next that H is of type (1, 4; 2, 2; 3, 4). Recall from Remark 
11.1.2 (v), that G(H) and the irreducible characters xi an d Xi of degree 

2 give rise to a Hopf subalgebra A of dimension 12, and for all irre- 
ducible characters ipi, . . . , ^4 of degree 3 we have = 1+xi+ip+ip', 
where ip and ip' are fixed elements in X 3 . We also have xi — 1 + a + 
where {l,a} = G[ X i] C G(H). 
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Suppose that H has a Hopf algebra quotient q : H — > B = kG(B), 
where dimi? = 12. We may assume that m(l, q{i>i)) = 0, for all i = 
1, . . . , 4. Otherwise, we would have a decomposition H coB — kl © 
where is an irreducible left coideal of dimension 3, implying that 
the restriction q : A — > is an isomorphism, and thus that A is 
cocommutative, which is absurd. 

We claim that also m(l,q(xi)) = 0. If not, since q(xi) — Xi\b*, 
then m(l,q(xi)) — 1 by Frobenius reciprocity. Then q(xi) — 1 + 9, 
where 1 ^ g G G(B). The relation x\ — 1 + a + Xi> implies that 
q(a) = g. 

Let 1 ^ t G G{H)r\H coB . Then = 1, and (IndfJ l)f = Indf* 1; 
so that t — a G G[xi]- This is a contradiction. Therefore m(l, g(xi)) = 
0, as claimed. 

The relation = 1 + Xi + ^ + V 1 ' implies that m(l, q(ip*ipi)) = 1. 
Write g(V'i) = E se G(B) n s s - Tnen S s n « = deg^i = 3, and n s = 
m(s,q(^i)) = m(ipi, Indf** s) < 1. Hence, the set of all s G G(B) such 
that n s 7^ has at least 3 elements. Now we have 

q(ip*^i) = q{ipi)*q{ipi) = n * n « s ~V 

s,u€G(B) 

whence m(l,q(ip*ipi)) > 3. This is again a contradiction. Therefore 
the lemma is established in this case. 

It remains to consider the case where H is of type (1, 4; 2, 11). Sup- 
pose that there is Hopf algebra quotient H — > B, where B = kG(B) is 
a cocommutative Hopf algebra of dimension 12. By Corollary 11.2.8, 
B* is of type (1,4; 2, 2) as a coalgebra. Hence, G(B) has a normal 
subgroup of order 3, and there is a normal Hopf subalgebra B C B, 
with dimi?o = 3. 

We may write H coB = kl © kt © Vi, where V\ is an irreducible left 
coideal of dimension 2, and 1 ^ t G G(H). By Corollary 3.5.2, t is 
central in fc[Ci], where C\ is the simple subcoalgebra containing V±. 

Consider the sequence of surjective Hopf algebra maps 

H _JU B B', 

where B' = B/BBq. We have dimH coB ' = 12, and there exists 
an irreducible left coideal U of H, not isomorphic to V\ such that 
m(U,H coB ') > 0. 

Let x £ H and C C if be, respectively, the irreducible character 
and the simple subcoalgebra corresponding to U. Decompose q(x) = 
x\b* in the form q(x) = g + h, where g,h G G(B). Then the restriction 
of g induces an epimorphism q : fc[C] — > &;((?, /i) C kG(B). 
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Similarly, the restriction of q'q induces an epimorphism q : k[C] — > 
k(g', h!) C kG(B'), where q'q(x) — 9' + /i'. In particular, and h! are 
the natural projections of g and /i in G(B'). 

By Frobenius reciprocity, we may assume that g' — 1. Hence 

because, by Claim 11.3.5, G(B') is not cyclic. In particular fc[C] 7^ H . 

On the other hand, since g' — 1, then g G -Bo is of order 3 (because 
m(l,g(x)) = 0). Hence 3 divides the dimension of fc[C]. Since H is 
simple, then dimA;[C] = 12 or 6. Also, dimk[C] coB = 2, and it turns 
out that 1 7^ t is a central group-like in fc[C]. 

Since this happens for every irreducible constituent U of H coB , 
not isomorphic to V, it follows that t is central in the Hopf subalgebra 
generated by all simple subcoalgebras intersecting H coB . This implies 
that t is central in H . This finishes the proof of the lemma. □ 

Lemma 11.3.3. Suppose that H is simple. Then there exists an 
invertible normalized 2-cocycle <fi G kG(H)®kG(H) such thatG(H^) ~ 
G, where G is the group defined in 5.2. Here, H is one of the Hopf 
algebras H or H* . 

Recall from Chapter 5 that G is the semidirect product G = F x T, 
where F = (a : a 3 = 1), and T = (s,t : s 2 = t 2 = sts-H' 1 = 1), 
corresponding to the action by group automorphisms of T on F defined 
on generators by s.a = a -1 and t.a = or 1 . 

Observe that, by Lemma 11.1.1, is of one of the types 

(1,12; 2, 9), (1,12; 3, 4), (1,12; 6,1). 
In particular, H^ is not simple. 

Proof. We shall show that there exist a Hopf subalgebra A C H 
such that A ~ Aq. Thus there is an invertible normalized 2-cocycle 
4> G kG(H) <S> kG(H) such that A^ ~ kG, in view of Proposition 5.2.1. 
In particular, \G(H^)\ is divisible by 12, where H is either H or H*. 
Thus \G(Htp)\ = 12,24 or 48. The following claim implies that indeed 
|G(^)| = 12. Hence, G(H^) ~ G. 

Claim 11.3.4. Suppose \G(H^)\ = 24 or 48. Then H is not simple. 

Proof. If \G(H^)\ = 24, then kG(H^) is a normal Hopf sub- 
algebra of H^. On the other hand we must have G(H) C G{H^). 
Then G kG{H^) <g> kG{H^). Therefore, in view of Lemma 5.4.1, 
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B = (kG(H ( j ) )) ( f,-i is a normal Hopf subalgebra of H (because it has 
index 2). 

Assume now that \G{H^)\ = 48; that is, H<p = kT, where T = 
G(H^) is a group of order 48. For such a group T, either Z(T) ^ 1 
or T contains a normal subgroup of order 16, that necessarily contains 
G(H). In any case, H (and thus H) is not simple, as claimed. □ 

Since H is simple by assumption, we know that H is of one of the 
coalgebra types listed in Corollary 11.2.8. Eventually taking H = H*, 
we may further assume that H has one of the following coalgebra types: 

(1,4; 2, 2; 3, 4), (1, 4; 2, 2; 6, 1), (1,4;2,11). 

Claim 11.3.5. The group G(H) is not cyclic. 

Proof. If H is of type (1,4; 2, 11), the claim follows from Lemma 
11.2.1 (i). If H is of type (1, 4; 2, 2; 6, 1), then H contains a simple sub- 
coalgebra C of dimension 36 such that gC = C = Cg, for all g G G(H), 
and the quotient coalgebra C/C(kG(H)) + is of dimension 9. If G(H) is 
cyclic, then any twisted group algebra k a G(H) is cocommutative, but 
this contradicts Corollary 3.2.5, because C /C(kG(H)) + cannot have 4 
isomorphism classes of simple comodules. Hence the claim follows also 
in this case. 

It remains to consider the type (1, 4; 2, 2; 3, 4). Suppose on the con- 
trary that G(H) is cyclic. By Corollary 11.2.8, there is a quotient Hopf 
algebra q : H — > Q of dimension 4, so that dimH coq = 12. Keep the 
notation in Remark 11.1.2 (v). Considering the eventual decomposition 
of A coq , A c ° q , we distinguish the following two possibilities for H coq : 

(a) H coq = kl © V © W ± © W 2 © W 3 , where V is an irreducible 
left coideal of dimension 2, and W^'s are irreducible left coideals of 
dimension 3, % — 1, 2, 3. 

(b) H coq = kl © kt © V © V © Wi © W 2 , where t G G(H), V, V 
are irreducible coideals of dimension 2, and W^s are irreducible left 
coideals of dimension 3, i = 1,2. 

Note that in this case t is an element of order 2 in G(H), and since 
this group is cyclic by assumption, necessarily t — a G 

Case (a). In this case the restriction of q to kG(H) induces an 
isomorphism kG(H) ~ Q. Hence G(H*) contains a cyclic subgroup 
of order 4, and by Corollary 11.2.8, we may assume that H* is also 
of type (1, 4; 2, 2; 3, 4) as a coalgebra. Hence there is a quotient Hopf 
algebra H — > B, where dimi? =12 and H coB C H coq is a left coideal 
of dimension 4. Thus we must have a decomposition H coB — kl © W, 
where W is an irreducible left coideal of dimension 3. Let ip w G H 
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be the character of W. Then gipw9~ l = ifav, f° r & U 9 G G(H), and 
(V'w)* = V'w by Lemma 1.7.1. As in Remark 11.1.2 (v) we have a 
decomposition 

(11.3.6) (ifarYrhr = 1 + Xi + *l> + *(>'■ 

By Frobenius reciprocity, ra(l, {i^w)\b) = 1, hence (V'w)I.b = 1 + A, 
where A G -B is a (not necessarily irreducible) character such that 
m(l, A) = 0; then m(l, ( , 0wO*('0w)|.b) > 2. On the other hand, 

m(l, ($^w)|b) = 1 + m(l, (xi)\b) +m(l,ip\ B ) +m(l,^'|s) 
= l + m(l,VU) +m(l,V'U), 

and we may assume that m{l,ip) > 0, whence ipw = tp. 

This implies that vp* = vp. Then also (0')* = ip', in view of the 
relation (11.3.6). Write ip' = gip, 1 ^ g G G(H). Therefore g 2 = 1, 
and since G(H) is cyclic g = a G G[xi]- But this implies that the 
irreducible characters Xi> V*) ,? /' / span a standard subalgebra which 

corresponds to a Hopf subalgebra of H of dimension 24; hence H is not 
simple in this case. 

Case (b). Let ipi be the character of Wi, i — 1,2. Then ar/'i = 
■02 7^ ^1 > because aW\ is not isomorphic to W\ and it is contained in 
H coq . Moreover, ipi G {ip, -0'}, since otherwise, we would have = aip, 
implying as before that H contains a Hopf subalgebra of dimension 24. 

Then we may assume that ipi = ip. Write ip' = gip, 1 ^ g G G(H). 
If 0* = ip, then also (ip')* = ip' and therefore g 2 = 1, whence g = a 
since G(-ff) is cyclic. If -0* = -0', then ■?/>' = 2 , by Lemma 1.7.1. Thus, 
in any case, ■0' = aip, implying as before, that H contains a Hopf 
subalgebra of dimension 24. This proves that if H is simple, then the 
group G(H) is not cyclic, as claimed. □ 

Suppose that H has a Hopf subalgebra A of dimension 12. By 
Lemma 11.3.1, H* has no cocommutative quotient of dimension 12. 
Therefore, A is not commutative. Since G(H) is not cyclic, then 
A ~ Ao by [F]. By Proposition 5.2.1 (i), there exists a 2-cocycle 
G A;G(A)® 2 = kG(H)® 2 such that A) ~ (kG)^ This establishes the 
lemma in this case. 

We may therefore assume that H is of type (1,4; 2, 11) and con- 
tains no Hopf subalgebra of dimension 12, by Lemma 11.2.1. In par- 
ticular, H* contains no Hopf subalgebra of dimension 16, by Theorem 
2.5.1. We may also assume that H* is not of type (1, 4; 2, 2; 3, 4) nor 
(1, 4; 2, 2; 6, 1), since otherwise we are done by letting H = H*. 

By Lemma 11.2.7 (i), we may suppose that H* is also of type 
(1, 4; 2, 11). Then there is a quotient q : H — > B, where dim B = 8 and 



11.4. MAIN RESULT 



95 



B is not commutative. We may assume that H coB = kl © kt © V\ © V2, 
where t G and Vi is an irreducible coideal of dimension 2, such 

that Vi is not isomorphic to Vi- Let G X 2 and Cj C if be the irre- 
ducible character and simple subcoalgebra corresponding, respectively, 
to Vi, % = 1,2. 

Then m(Yj, Ind^, 1) = 1, and therefore 9(7*) = ti\ b * = 1+ gi, where 
1 7^ gi G G(B). Moreover, the subgroups (gi), (# 2 ) are of order at most 
4. By construction, q induces by restriction a surjective Hopf algebra 
map q : k[Cj\ — > fc(<?j); in particular, fc[Cj] 7^ H. 

If A;^]™- 6 = fcl © Vi, respectively fcl © kt © Vi © V 2 , then we have 
dim k[Ci, G(H)\ = 12, respectively dim/c[Cy = 12. Hence we are done 
in these cases. If otherwise, k[Cj\ coB = kl © kt © Vi, for all % — 1,2, 
Then tVj — Vi — Vjt and by Corollary 3.5.2, t is central in k[Ci\. Thus t 
is central in k[C±, C 2 ]; and we may assume that fc[Ci, C 2 ] 7^ if. Since 6 
divides dim k[C±, C 2 ], then we may even assume that dim k[C\, C 2 ] = 12 
and we are done in view of Lemma 11.2.1. □ 



11.4. Main result 

In this section we shall prove our main result in dimension 48. For 
this we shall first study the normal Hopf subalgebras in a semisimple 
Hopf algebra K with \G(K)\ = 12. In what follows, we shall denote by 
G the group considered in Lemma 11.3.3. 

Theorem 11.4.1. Let H be a semisimple Hopf algebra of dimension 
48. Then H is not simple. 

Proof. By Lemma 11.3.3, we may assume that for H = H or H*, 
there exists an invertible normalized 2-cocycle G kG(H) ® kG(H) 
such that is of one of the types 

(1,12; 2, 9), (1,12; 3, 4), (1,12; 6,1), 

and G(H ( p) ~ G, where G is as in 5.2. 

By Lemma 11.1.11, is not simple. Note that kG(H) = (kG^))^ 
is a cocommutative Hopf subalgebra of dimension 4 of H^. Note also 
that, because H = as algebras, we may assume that 1^(^)1 is di- 
visible by 4. On the other hand, _1 G kG(H)®kG(H) is a normalized 
2-cocycle for H^. 

Let K be a semisimple Hopf algebra of dimension 48 such that 
G{K) ~ G. In view of Lemmas 11.4.4, 11.4.5 and 11.4.7 below, at 
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least one of the following conditions hold: 

(11.4.2) K has a nontrivial central group-like element; 

(11.4.3) G(K) is contained in a normal Hopf subalgebra of K. 

Thus, if J G kG(K) (E)kG(K) is an invertible 2-cocycle, the twisted 
Hopf algebra Kj is not simple, by Lemma 5.4.1 and Corollary 5.4.2. 
This implies the theorem, applied to K — and J = □ 

In the rest of this section K will be a semisimple Hopf algebra of 
dimension 48 such that G(K) ~ G; that is, G(K) ~ G = F x F, and 
thus G contains a unique abelian subgroup M of order 6, M = F x Z, 
where Z = Z{G) is of order 2. 

Also, A C H will be a proper normal Hopf subalgebra. Our aim is 
to show that at least one of the conditions (11.4.2) or (11.4.3) hold. 

Hence, we may assume in what follows that dim A ^ 2. Indeed, by 
Corollary 1.4.3, if dim A = 2, then A C kG(K) n Z(K). Thus, in this 
case, K verifies condition (11.4.2). 

On the other hand, note that we cannot have A(~)kG(K) of dimen- 
sion 4: this would imply that A n kG(K) = kL, where L is a normal 
subgroup of order 4 in G (because A n kG(K) is invariant under the 
adjoint action of G), which contradicts the structure of G. 

Hence dim A = 4, 8, 16 are impossible. 

Therefore, the possibilities for dim A are 3, 6, 12 and 24. Moreover, 
if dim A = 12 or 24, we may assume that K is of type (1,12; 3, 4). 
Otherwise, (that is, if K is of type (1,12; 2, 9) or (1,12; 6,1)), since 
dim A n kG(K) ^ 4, necessarily G(K) C A. See Lemma 6.1.1. 

Lemma 11.4.4. Assume K is of type (1,12; 2, 9) as a coalgebra. 
Then at least one of the conditions (11.4.2) or (11.4.3) hold. 

Proof. By Proposition 2.1.3, K contains a Hopf subalgebra Kq of 
dimension 8. We may assume that k[K , F] = K; if not, dim k[K , F] = 
24 and k[K , F] is normal in K, whence we are done because G(K) = 
GCk[K ,F}. 

For all g G F, gK^g' 1 is an 8-dimensional Hopf subalgebra of K. If 
gKog' 1 = Kq for some 1 ^ g G F, then G(K ) would be a normal sub- 
group of order 4 of G, which is a contradiction. Thus the conjugation 
action of F gives rise to 8-dimensional Hopf subalgebras K ,Ki,K 2 
and G(Ki), < % < 2, are distinct subgroups of order 4 of G. 

We may further assume that F C k[Ko, Ki, K2] and therefore that 
k[K ,K u K 2 ] = K. Otherwise G(k[K , K u K 2 ]) would be of order 4 
and since k[K , Ki, K 2 ] is normal in K = k[K , K 1: K 2 , F], then this 
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group would be normal in G(K), which is not possible. Note that for 
each i — 0,1, 2, G(K) = (G(Ki),F). 

We may assume K contains a normal Hopf subalgebra A with 
dim A = 3 or 6. If dim A = 3, then A = kF, and in this case, since 
kG(Ki) is normal in K h then ad Ki kG(K) = kG(K). Thus kG(K) is 
normal in K = k[K , Ki, K 2 ]. If on the other hand, dim A = 6, then 
because dim K/KA + = 8, we have kF C A. Hence A is cocommuta- 
tive and arguing as before we get that kG(K) is normal in K. This 
finishes the proof of the lemma. □ 

Lemma 11.4.5. Assume K is of type (1,12; 3, 4) as a coalgebra. 
Then at least one of the conditions (11.4.2) or (11.4.3) hold. 

Proof. In this case may assume that dim A = 3,6, 12 or 24. We 
may further assume that K contains a normal Hopf subalgebra of di- 
mension 3; that is, dim A = 3. To see this, we argue as follows. Suppose 
that dim A = 12. Then A is of type (1, 3; 3, 1) as a coalgebra, and A is 
commutative. Also, G(A) is the unique (normal) subgroup of order 3 
of G(K) = G. Thus kG(A) is a 3-dimensional normal Hopf subalgebra 
in k[A, G] — K. 

If dim A = 6, then A = kN, where N is a normal subgroup of order 
6 of G(K). Consider the Hopf algebra quotient K — > K/KA + , since 
dim K/KA + = 8, there is a Hopf algebra quotient K — > K/KA + — > B, 
where dimi? = 4. We have A C K coB , and unless kG(K) is normal in 
K, K coB = A © U © V, where U and V are irreducible left coideals of 
K of dimension 3: since NK coB = K coB , we get that U and V are not 
isomorphic. 

In addition, xV ~ V ~ Vx and xll ~ U ~ Ux, for all x & F, 
because and G[xv] are necessarily of order 3. Let C v and C v 

be the simple subcoalgebras of K containing U and V, respectively. In 
view of Corollary 3.5.2, fcF is normal in fc[CV,C[/]. Therefore, since it 
is also normal in kG(K), then kF is normal in k[Cy, Cu, G(K)\ = K. 

Finally, if dim A = 24, we may assume that A is of type (1, 6; 3, 2) as 
a coalgebra; see Lemma 6.1.1. In particular, G(A) is a normal subgroup 
of G of order 6. 

Let A C A be a normal Hopf subalgebra. If dimA = 12, then 
kF C Z(A ), and it follows that A;F is normal in AT = k[A , G(K)\. If, 
on the other hand, A is cocommutative, then dim A Q = 2, 3 or 6. 

In the first case, Aq = kZ is the only subgroup of order 2 contained 
in G(A). Hence kZ is central in A and thus also in k[A, G(K)\ = K. 
If dim A = 3, then A = kF and kF is normal in k[A, G(K)\ = K. If 
dim Aq = 6, then A = kN is normal in k[A, G(K)\ = K and K has a 
normal Hopf subalgebra of dimension 3, be the above. 
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We may therefore assume that dim A = 3, as claimed. Then 
A = kF, since F is the only subgroup of order 3 in G(K). In par- 
ticular, F = G[x] for all irreducible character x of degree 3. Hence, the 
quotient Hopf algebra K/KA + is cocommutative; see Remark 3.2.7. 
Say K/KA + ~ kN, where A is a group of order 16. Since kF ~ k F , 
then K fits into the abelian extension 

(11.4.6) 1 -> k F -> K -> A;A -> 1. 

We shall prove in what follows that in this case, G(i^) H Z(K) ^ 1. 
Hence A satisfies condition (11.4.2). 

Consider the matched pair (F, A) associated to the extension, with 
the actions < : F x iV -> F and > : F x A A. By [N, Lemma 1.1.7], 
the exact sequence dual to (11.4.6) gives rise to an exact sequence of 
groups 

1 -> F -> G(tf) -> A F , 

where A F is the subgroup of invariants in A under the action >. Since 
|G(A)| = 12, N F contains a subgroup N\ of order 4 of A. 

On the other hand, the action < permutes the set F\{1}; hence, 
there is a subgroup A C A such that A acts trivially on F and 
|A | = 8. We have A H A x ^ 1. Let 1 ^ a: G iV n JVi. 

As a Hopf algebra, X ~ k Fr ^ a kN is a bicrossed product, corre- 
sponding to the actions kN®k F — > /c F obtained from <, and kF®k N — > 

obtained from >, and certain 2-cocycles a : N x N (k F ) x and 
r : F x F — > (k N ) x . Moreover, by [N, Lemma 1.2.5], we may assume 
that t = 1. 

The compatibility conditions between < and > imply that F acts 
on iVo by group automorphisms through >. Hence A = k F <g> /cA^o is a 
Hopf subalgebra of K of dimension 24. 

Since x G Ni, then F acts trivially on x and x G G{K). Also, since 
x G N Q , then a; acts trivially in F, and thus a; commutes with k F [M]. 

Since F acts on Ag by group automorphisms, this action preserves 
the center of A . If A is not abelian, then |Z(A )| is of order 2, 
and F acts trivially on Z(N ). Hence we may assume that x G Z(N ). 
Therefore, l^xe G(Ao)flZ(Ao) is an element of order 2. Clearly, the 
same conclusion holds if A is abelian, since in this case any x G AiflA 
commutes with A . 

On the other hand, we may assume that A is of type (1, 6; 3, 2) as 
a coalgebra, whence G(A ) n Z(A ) D Z(G(K)), because A is normal 
in K. Therefore Z(G(K)) is central in k[A ,G(K)] = K. This proves 
the claim. The proof of the lemma is now complete. □ 
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LEMMA 11.4.7. Assume K is of type (1,12; 6,1) as a coalgebra. 
Then at least one of the conditions (11.4.2) or (11.4.3) hold. 

Proof. In this case may assume that dim A = 3 or 6. We claim 
that if K has a Hopf algebra quotient K — > B with dim B = 16, then 
kG(K) is normal in K. Hence the lemma follows when dim A = 3. 

Observe that the quotient q : K — > B is necessarily normal, since 
kF = K coB by [NZ]. In order to establish the claim, we shall follow 
the lines of the proof of Lemma 11.2.4. We have q(kG(K)) is a four- 
dimensional Hopf subalgebra of B. Let ip be the unique irreducible 
character of degree 6. Then we have ip 2 = ^2 g< =G(K) 9+^- This implies, 
as in the proof of Lemma 11.2.4, that q(ip) = Ai + A 2 + A 3 , where Aj 
are pairwise distinct irreducible characters of degree 2 in B. Hence B 
must be of type (1,4; 2, 3) as a coalgebra. Hence, q(kG(K)) = kG(B). 

We know that kG(B) is normal in B. Consider the sequence of sur- 

jective Hopf algebra maps K A B A B', where B' = B / B(kG{B))+ . 
Since q(kG(K)) = kG(B), then we have kG(K) C K coq ' q . Thus, 
kG(K) = K coq 9 is a normal Hopf subalgebra, as claimed. 

Suppose next that dim A = 6, so that A = kS, where S is a sub- 
group of order 6 in G. The quotient Hopf algebra K/KA + is co- 
commutative by Remark 3.2.7. Say K/KA + = kF, where |T| = 8. 
Then K* = k T # a k s is a crossed product. Since there exists an ir- 
reducible fT*-module of dimension 6, then S = M is abelian, by 
[MW, Proof of Theorem 2.1]. Thus K fits into the abelian exten- 
sion 1 — > k M — > K — > kN — > 1, where N is a group of order 8 
such that K/KA + ~ kN. Dualizing, we get an abelian extension 
1 -> k N -> K* -> A;M -> 1. Let < : TV x M -> TV, > : N x M -> M, be 
the associated matched pair. 

Since the action > fixes 1 G M, and because N is of order 8, the 
set of fixed points M N has at least 2 elements. Moreover, by the 
compatibility condition [M, (4.10)], M N is a subgroup of M. It follows 
also from the formulas [M, (4.2) and (4.5)] for the multiplication and 
comultiplication of K that the subspace B := k N ® k(M N ) is a Hopf 
subalgebra of X*. If B = K*, then then the action > is trivial. This 
implies that kM is a central Hopf subalgebra of K, which contradicts 
the assumption on the structure of G(K). 

Therefore dimi? = SjM^I = 16 or 24. If dimB = 16, the lemma 
follows from the proof in the case dim A = 3. If dimB = 24, then 
G(K) n Z(K) ^ 1 and the lemma follows as well. □ 



CHAPTER 12 



Dimension 54 

12.1. First reduction 

Let H be a nontrivial semisimple Hopf algebra of dimension 54. 

Lemma 12.1.1. The order of G(H*) is either 2, 6, 9, 18 or 27 and 
as an algebra H is of one of the following types: 



1,2 


2, 4; 6,1), 


1,2 


2, 4; 3, 4), 


1,2 


2,13), 


1,6 


2, 3; 6,1), 


1,6 


2,12), 


1,6 


2, 3; 3, 4), 


1,9 


3,1; 6,1), 


1,9 


3,5), 


1,18; 2, 9), 


1,1 


3; 3, 4), 


1,1 


3; 6,1), 


1,27; 3, 3). 



Proof. It follows from 1.1 and Corollary 2.2.3 that \G(H*)\ ^ 1. 
If \G(H*)\ = 2, then the possible algebra types for H other than the 
prescribed ones are 

(1,2;2,1;4,3),(1,2;3,4;4,1),(1,2;4,1;6,1), 
(1,2; 2, 9; 4,1), (1,2; 2, 5; 4, 2). 

In the last two cases, by Theorems 2.2.1 and 2.4.2 H has a quo- 
tient Hopf algebra of algebra types (1, 2; 2, 9) or (1, 2; 2, 5), respectively, 
which contradicts [NZ]. In the third case, H has one irreducible char- 
acter x °f degree 4, one irreducible character ip of degree 6 and the 
remaining two are of degree 1. The character x is necessarily stable 
under left multiplication by G(H*) and therefore we have a decompo- 
sition x 2 — XX* — e + 9 + n X + m V ; , implying that n = 2 and m — 1. 
Then we have 1 = m = m(x, ipx) an d V'X — X + ^ e ^, which is not 
possible. The type (1, 2; 2, 1; 4, 3) is discarded by Lemma 1.2.4. 
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Suppose that H is of type (1, 2; 3, 4; 4, 1). Write G(H) = {e, g} and 
let t be the unique irreducible character of degree 4. We must have 
tt* = 1 + g + 2r + %pi + if) 2 , where ipi ^ ip2 are irreducible characters of 
degree 3. Then m(r, ■0i r ) — 1 an d therefore, = r + ^jipj, where 
■0j are irreducible of degree 3. Taking degrees we get a contradiction. 
This discards this possibility. 

The possibility \G(H*)\ = 3 is discarded using Theorem 2.2.1 and 
1.1. As to \G(H*)\ = 6, we need to discard the type (1,6; 4, 3), which 
is done as follows: let x be a irreducible character of degree 4, and 
write XX* — J2 g eG[x] 9 Si m iXii where x% are irreducible of degree 4; 
it turns out that 4 divides the order of G[x] which is impossible. 

Suppose that \G(H*)\ = 9. Then H has no irreducible characters of 
degree 2 by Theorem 2.2.1 and the only possibilities are the prescribed 
ones. The rest of the lemma follows also from 1.1. □ 

Lemma 12.1.2. Suppose that H is of type (1,9; 3, 5) as a coalgebra. 
Then H is not simple. 

Proof. We claim that there exist irreducible characters ip ^ of 
degree 3, which commute with G(H), and such that 

geG(H) 

Indeed, the group G(H), being abelian, acts by left multiplication on 
the set Xg := {ip G X 3 : gip = ipg,Vg G G(H)}, and we have \X^\ = 2 
or 5. It follows that there are at least 2 stable elements in X' 3 , which 
therefore satisfy the claimed equations. 

The claim implies that there are two subcoalgebras C\ and C 2 of 
dimension 9, such that gCi — Ci — Cig, for all g G G(H). Moreover, 
we may assume that fc[Ci,C 2 ] = H since it is a Hopf subalgebra of 
dimension bigger than 18, which divides dimff: if dim k[Ci, C 2 \ = 27, 
then H is not simple by Corollary 1.4.3. 

Fix % = 1,2. By Proposition 3.2.6, kG(H) is normal in H = 
k[Ci, C 2 ]. Therefore H is not simple in this case. □ 

Lemma 12.1.3. Suppose that H is of type (1, 9; 3, 1; 6, 1) as a coal- 
gebra. Then H is not simple. 

Proof. Let D(H) be the Drinfeld double of H. By [N, Remark 
2.2.4] \GD(H)*\ ^ 1. By [R], the group-like elements in D(H)* are of 
the form g ® rj, where g G G(H), r\ G G(H*), are such that i] ® g is 
central in D(H). Observe that if the orders of g and 77 are different, say 
n = \rj\ < \g\, then the element 1(g) e 7^ g n ®e = (g®rj) n would be such 
that e ® g n is central in D(H), and a fortiori, I ^ g n e G(H) n Z(H). 
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Then we may assume that there is an element g <E> f] G GD(H)*, 
where g G and 77 G G(H*) are of the same order. In particular, 

\G(H*)\ is divisible by 3. 

On the other hand, the irreducible characters of degree 1 and 3 span 
a standard subalgebra, which corresponds to a Hopf subalgebra A of 
dimension 18. Consider the projection H* — > A*; we may assume that 
(#*)coA* = ki®v, where V is an irreducible left coideal of dimension 2. 
Then, by Theorem 2.5.1, \G(H*)\ is even and there is a quotient Hopf 
algebra H — > £?, with dim_B = 3|G(if*)|. Hence either dim 5 = 18 
and necessarily H coB C kG(H), or else if* is of type (1, 18; 2, 9) as a 

G( H* ) 

coalgebra and H cok C kG(H). This implies that if* contains a 
normal Hopf subalgebra, and hence H is not simple. □ 

Remark 12.1.4. (i) If His of type (1, 27; 3, 3), then if is not simple 
by Corollary 1.4.3. 

(ii) Suppose that H is simple. It follows from Lemmas 12.1.1, 12.1.2 
and 12.1.3 that there exist subgroups F C G(H) and F' C G(H*) such 
that |F| = |F'| = 2. We have a projection q : H ^ k F> such that 
dimi jco g = 27. Hence, F n ii c ° 9 = 1 and H = R#kF is a biproduct. 
By Proposition 4.6.1, R is not commutative and not cocommutative. 

(hi) Suppose that H is of type (1, 6; 2, 12) or (1, 18; 2, 9). Then H 
is not simple. 

Proof. Keep the notation in part (ii). We claim that G(H) con- 
tains a central (hence unique) subgroup of order 2, which must sta- 
bilize all simple subcoalgebras of dimension 4. This implies, in view 
of Remark 3.2.7, that the braided Hopf algebra R is a cocommutative 
coalgebra and we are done. 

To prove the claim we distinguish both cases. Suppose first that H 
is of type (1, 6; 2, 12). Then G(H) is abelian by Proposition 1.2.6, and 
the claim follows in this case. 

In the case of type (1, 18; 2, 9) we argue as follows. First note that 
by Lemma 2.3.2, D(H) has an irreducible module of dimension 2. It 
follows from Theorem 2.2.1 that G(D(H)*) has an element g <g) 77 of 
order 2 or 3. If g <S> r\ is of order 2, we may assume that the center of 
G(H) has an element of order 2, as claimed. 

Finally suppose that g<S>r] is of order 3. By [N, Corollary 2.3.2] there 
is an exact sequence of Hopf algebras 1 — > kG — > D(H) — > K — > 1, and 
also G(K*) 7^ 1 by [N, Remark 2.2.4]; moreover, we may assume that 
g®r] G G(K*) C G(D(H)*). Therefore, by part (ii) in [N, Corollary 
2.3.2], we get (v,g) = l- 

Consider the natural projection q : H k^; we have shown that 
(9) Q H coq . Also, it is clear that H coq contains every 2-subgoup of 
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G(H). Since H coq is of dimension 18, and we may assume does not 
coincide with kG(H), then G(H) fl H coq is a normal subgroup of order 
2 or 6 in G(H). In particular, since we may assume that 1 ^ g 6 
Z(G(H)), then the group G(H) n H coq is abelian. But G(H) n # c ° 9 
contains a unique subgroup of order 2, then so does G(H). This finishes 
the proof of the claim. □ 

(iv) By Theorem 2.2.1, since dim if is not divisible by 4, for every 
irreducible character x of degree 2 we have G[x] ^ 1. 

(v) If H is of type (1, 2; 2, 4; 6, 1), (1, 2; 2, 4; 3, 4), (1, 6; 2, 3; 6, 1) or 
(1, 6; 2, 3; 3, 4) as a coalgebra, then G(H) and X2 span a standard sub- 
algebra of R(H*), which corresponds to a non-co commutative Hopf 
subalgebra A of dimension 18. We may thus conclude that if H is 
simple, then H contains a Hopf subalgebra of dimension 18. 

Lemma 12.1.5. Assume that H is of type (1, 2; 2, 13) as a coalgebra. 
Then H is commutative. 

Proof. By Theorem 4.6.5, we may assume that the order of G(H*) 
is odd; thus, by Lemma 12.1.1, \G(H*)\ = 9 or 27. Also, by Corol- 
lary 4.6.8, we may assume that G(H) fl Z(H) = 1 and, in particular, 
\G(H*)\ ^27. 

By [N, Remark 2.2.4], we have G{D{H)*) ^ 1. Since \G{H*)\ and 
\G(H) \ are relatively prime, the description of G(D(H)*) in [R] implies 
that there is an isomorphism 

G{D{H)*) ~ (Z(if) n G(if)) x (Z(if*) n G{H*)) = Z(H*) n G(/T). 

Therefore, n = = 3 or 9, and H* contains a central group- 

like element of order 3. Hence H fits into an abelian cocentral extension 

1 -> A: G -> // -> kZ 3 -> 0, 

where G is a group of order 18. Then the extension induces the trivial 
action > : G x Z3 — > Z3, and an action by group automorphisms < : 
G x Z 3 — > G. This implies that the transpose action — ^: /cZ 3 ® k G — > k G 
is by Hopf algebra automorphisms, and therefore that kG(H) = kG is 
invariant under this action. Hence this action is trivial on kG(H). By 
[N, Proposition 1.2.6] H is isomorphic as an algebra to the crossed 
product H ~ k G ^^,kZ 3 . So it turns out that kG(H) is central in H. 
This implies that H is commutative. □ 

Lemma 12.1.6. Assume that \G(H) \ = 18. Then H is not simple. 

This discards the following possibilities for the coalgebra type of H: 

(1,18; 2, 9), (1,18; 3, 4), (1,18; 6,1) 
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Proof. In view of Remark 12.1.4 (iii) and Lemma 12.1.1, we may 
assume that H contains no irreducible left coideal of dimension 2. On 
the other hand, we know from Remark 12.1.4 (v) that there is a quotient 
Hopf algebra H — > B, where dimi? = 18. Then necessarily H coB C 
kG(H) is a Hopf subalgebra, and thus H is not simple. □ 

Lemma 12.1.7. Suppose that H is simple. Then H contains a Hopf 
subalgebra A C H , such that A ~ k r , where Y is a non-abelian group of 
order 18. In particular, the dimension of an irreducible left H-module 
is at most 3. 

Proof. By Remark 12.1.4 (v) and Lemma 12.1.6 we may assume 
that H contains a non-cocommutative Hopf subalgebra A of dimension 
18. By [M3] there are two isomorphism classes of nontrivial semisimple 
Hopf algebras of dimension 18, which are dual to each another: Bq and 
B 1 = Bq*. We have \G(B ) \ = 6 and = 9. 

If A is not commutative, and since G(A) C G(H), we may assume 
that \G(A)\ = 6. By Remark 12.1.4 (ii), H = R#kZ 2 , and since 
kZ 2 C A and A is not contained in R = H 001,2 , then also A ~ R'#kZ 2 . 
In particular, the order of G(A*) is also divisible by 2, which implies 
that A is commutative as claimed. Finally, applying [AN2, Corollary 
3.9] to the inclusion k r C H, we find that dimV < 3, for all irreducible 
if -module V. □ 

12.2. Main result 

After what we have already shown until now, we can conclude that if 
H is simple, then the possible (co)algebra types for H are (1, 2; 2, 4; 3, 4) 
and (1,6; 2, 3; 3, 4). 

Theorem 12.2.1. Let H be a semisimple Hopf algebra of dimension 
54 over k. Then H is not simple. 

Proof. Let A C H be the commutative Hopf subalgebra of di- 
mension 18. Note that G(H) C A. 

By Lemma 2.3.2 and Proposition 2.3.1, we have G(D(H)*) ^ 1. 
Hence, we may assume that there exists a nontrivial one-dimensional 
Yetter-Drinfeld module for H. By Lemma 1.6.1, this has necessarily 
the form V 9tV , for some 1 ^ g G G{H) and 1 ^ r] e G(H*). 

Consider the projection q : H — > k^ v \ obtained by transposing 
the inclusion k(i]) C H*. Since A is commutative, g~ 1 ag = a, for 
all a G v4 c ° 9 . By Theorem 1.6.4, we must have that A coq is a Hopf 
subalgebra of A. But this is not possible since dimA coq = 9, implying 
that A coq is a cocommutative Hopf subalgebra, while G(H) is of order 
2 or 6. This contradiction finishes the proof of the theorem. □ 
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Dimension 56 

13.1. First reduction 

Let if be a nontrivial semisimple Hopf algebra of dimension 56. 

Lemma 13.1.1. The order of G(H*) is either A, 7, 8 or 28, and as 
an algebra H is of one of the following types: 



(1,4 


2,13), 


(1,4 


2, 9; 4,1), 


(1,4 


2, 5; 4, 2), 


(1,4 


2,1; 4, 3), 


(1,7 


7,1), 


(1,8 


4,3), 


(1,8 


2, 4; 4, 2), 


(1,8 


2, 8; 4,1), 


(1,8 


2,12), 


(1,28; 2, 7). 



Proof. We have G(H*) ^ 1 by Corollary 2.2.3; indeed, counting 
arguments show that the assumption G(H*) = 1 implies that H must 
have an irreducible character of degree 2. Suppose that \G{H*)\ = 2, 
and H is of type (1, 2; 2, n 2 ; 3, n 3 ; . . . ). If n 2 ^ 0, by Theorems 2.2.1 
and 2.4.2, there is a quotient Hopf algebra of dimension 2(2n 2 + l); thus 
U2 = 3 by [NZ], and using 1.1 we find a contradiction. The possibilities 
with U2 = are the types (1, 2; 3, 2; 6, 1) and (1, 2; 3, 6): these cases are 
seen to be impossible, after trying to decompose the product ipip* into 
irreducibles, where ip is an irreducible character of degree 3. 

In the case \G{H*)\ = 4, apart from the types listed in the lemma, 
we have the following possibilities: 

(1,4; 2, 4; 6,1), (1,4; 2, 4; 3, 4), (1,4; 3, 4; 4,1), (1,4; 4,1; 6,1). 

In the first two cases, H has a quotient Hopf algebra of dimension 
20, which is impossible. In the third case, H has four degree 1 repre- 
sentations, four irreducible characters Xi, • • • , X4 °f degree 3, and one 
irreducible character ip of degree 4. Then we must have m^Xi,^ 2 ) = 
m(xi, ipip*) > for some i; also, since G(H*) must permute transitively 
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the degree 3 characters under left or right multiplication and since 
gip = ip, for all g G G(H*), then m(xi,^ 2 ) > for alH = 1, . . . , 4, 
implying that m(if),Xii>) = n^iXi^ 2 ) — 1 for all i = 1, ...,4. Thus 
Xiip = ip + Y2i m iXi, where rrii are non-negative integers not all them 
equal to zero. Again since ipg = ip for all g, we find that TOj ^ 0, for 
alH = 1, . . . , 4. Taking degrees we find a contradiction. This discards 
the type (1, 4; 3, 4; 4, 1). 

The type (1, 4; 4, 1; 6, 1) is discarded as follows: let \ an d ip be the 
unique irreducible characters of degrees 4 and 6, respectively. Write 
X 2 = J2 g( zG(H*) 9 + n X + m i ) ^ thus m 7^ 0, since this would give a 
quotient Hopf algebra of dimension 20, which is not possible. Hence 
m — 2, and since m = m(x,ipx)i we have ipx — %X + ^H Taking 
degrees we get a contradiction. 

It is easy to see that \G(H*)\ = 14 is not possible. The rest of the 
lemma follows from 1.1. □ 

Remark 13.1.2. (i) If H is of type (1, 28; 2, 7), then H is not simple, 
by Corollary 1.4.3. 

(ii) It follows from Proposition 2.1.3 that, except for the coalgebra 
type (1, 7; 7, 1), H has a Hopf subalgebra of dimension 8. 

(iii) By [N2], if G(H) n Z(H) = 1 = G(H*) n Z{H% then G(H) 
and G(H*) are not both of order 8. 

Lemma 13.1.3. Suppose that H is of type (1, 7; 7, 1) as a coalgebra. 
Then H is not simple. 

Proof. We may assume that H* is also of type (1,7; 7,1) as a 
coalgebra; otherwise, there is a quotient Hopf algebra H — > B, where 
dimi? = 8 and necessarily H coB = kG(H) is a normal Hopf subalgebra. 
Hence H = R^kG(H) is a biproduct, where dim/? = 8 and moreover, 
by Remark 3.2.7, R is co commutative. Then the lemma follows from 
Proposition 4.6.1. □ 

Lemma 13.1.4. Suppose that H is simple. 

Then H = Rj^A, where A is a semisimple Hopf algebra of dimen- 
sion 8 and R is a Yetter-Drinfeld Hopf algebra over A of dimension 
7. 

Proof. We may assume that H has a Hopf subalgebra A and a 
Hopf algebra quotient q : H — > B, such that dim A = dim B = 8. 

Since dimH coB = 7, we may assume that kG(H) n H coB = kl. In 
particular, the lemma follows in the case where A is cocommutative. 

If A is not cocommutative, then A contains a unique 4-dimensional 
simple coalgebra C of H. Note that C is not contained in H coB since 
G(H) C C 2 . 
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If the restriction q\& '■ A — > B is an isomorphism, then we are done. 
Otherwise, H coB contains a 2-dimensional irreducible left coideal V of 
A. But since H coB cannot contain C, we must have H coB f)A = kl®V . 
This contradicts Lemma 1.3.4. The proof of the lemma is complete. □ 

13.2. Main result 

In this section, we apply Lemma 13.1.4 to show that a semisimple 
Hopf algebra of dimension 56 is not simple as a Hopf algebra. 

Theorem 13.2.1. Let H be a semisimple Hopf algebra of dimension 
56. Then H is not simple. 

Proof. Suppose on the contrary that H is simple. Keep the nota- 
tion in Lemma 13.1.4. After dualizing if necessary, we may assume that 
\G(H)\ = 4 (see Remark 13.1.2 (ii)); so that A is not co commutative. 
As a left coideal of H, R must be of one of the following types: 

(1) kl © Vi © V 2 © V 3 , (2) fcl © V © W, 

where dimVj = 2 = diml^, for all j = 1,2,3, and dirnVT = 4. In 
particular, the type (1, 4; 2, 1; 4, 3) is impossible. 

Consider first the case (1). By Lemma 4.3.3 p(Vj) C kG(A) © Vj, 
for all j; thus p(R) C kG(A) © R and therefore R#kG(A) is a Hopf 
subalgebra of H. This implies that H is not simple, since G(A) has 
index 2 in A. 

Suppose finally that R is as in case (2). By Lemma 4.3.3 p(V) C 
/cG(t4) © V. Moreover, kG(A).V C V, since gVg~ l is a 2-dimensional 
irreducible left coideal of if contained in i2, for all ^ G G(H). 

By Proposition 4.2.1, V is an A-subcomodule subcoalgebra of R. 
Then, by Lemma 4.3.1, B = k\V]#kG(A) is a Hopf subalgebra of 
H. Since dimB is divisible by 4 and dim/c[V] > 3, we must have 
dim£> = 28 and kV = R. As before, we get that R#kG(A) is a Hopf 
subalgebra of index 2 in H, and H is not simple. □ 
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Drinfeld Double of Hg 

We shall denote by H 8 the unique nontrivial 8-dimensional semisim- 
ple Hopf algebra over k [KP, M4]. We shall use the notation _D 4 and Q 
to indicate, respectively, the dihedral and quaternionic groups of order 
8. For a Hopf algebra A, D(A) denotes the Drinfeld double of A. 

By [M4] the only non-commutative semisimple Hopf algebras of 
dimension 8 are H 8 , kD^ and kQ. 

A.l. Structure of D(H 8 ) 

Tambara and Yamagami show in [TY] that the categories of repre- 
sentations of these three Hopf algebras are not equivalent as monoidal 
categories. The comparison of Schur indicators implies that the repre- 
sentation theory of H 8 is in some sense closer to that of kD than to that 
of kQ; see [Mo3]. On the other hand, note that H 8 fits into an exact 
sequence 1 — > k r — > H$ — > kF — > 1, where r ~ Z 2 x Z 2 and F ~ Z 2 , 
such that the associated product group associated to the extension is 
D 4 . 

The main results in this appendix are the following: 

Theorem A. 1.1. (i) D(H 8 ) fits into an abelian central extension 

-> k G -> D(H 8 ) -> kG -> 1, 

where G = G(D(H 8 )*) ~ Z 2 x Z 2 x Z 2 . 

^ D(H 8 ) is of type (1,8; 2, 14) as an algebra, and as a coalgebra 
it is of type (1,16; 2, 8; 4,1). 

Theorem A. 1.2. D{H 8 ) has no quotient Hopf algebra isomorphic 
to kQ. 

Observe that since H 8 admits quasitriangular structures [Su], then 
D(H 8 ) also has quotient Hopf algebras isomorphic to H 8 . 

Remark A. 1.3. Let G be a finite group. Then D(G) is a semidirect 
product D(G) = k G x kG, with respect to the action comming from 
the adjoint action of G on itself. Hence, the irreducible representations 
of D(G), viewed as irreducible Yetter-Drinfeld modules over kG, are 
classified by the modules V g>p := kG ®z G {g) Pi where g runs over a 
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system of representatives of the conjugacy classes in G and p runs over 
the irreducible representations of the centralizer Z G (g). 

This implies that if \G\ = p 3 , p prime, then D(G) has exactly p 3 
one-dimensional representations and the remaining irreducible repre- 
sentations are of dimension]?; that is, D{G) is of type (l,p 3 ;p,p(p 3 — 1)) 
as an algebra. 

In particular, the Drinfeld doubles of the three non-commutative 8- 
dimensional semisimple Hopf algebras have the same algebra structure. 

A. 2. Proof of Theorem A. 1.1 

Let A be a finite-dimensional Hopf algebra and let g G G(A), rj G 
G(A*). Let Vg tV denote the vector space kl endowed with the action 
h.l = r)(h)l, h G H, and the coaction 1 i— > g <g) 1. 

By Lemma 1.6.1, the one-dimensional Yetter-Drinfeld modules over 
A are exactly of the form V 9tV , where g G G(A) and r\ G G(A*) are such 
that (rj — ^ h)g = g(h <— rj), for all h G A. 

Note that if the condition (rj — 1 h)g = g(h <— rj) holds for all h in a 
set of generators of A, then it holds for all h G A. 

It turns out that the elements of the form 77 <g) g, where g and i] 
satisfy the condition in Lemma 1.6.1 are exactly the central group-like 
elements in D(A) [R]. In particular, V 9j€ (respectively, Vi jT) ) is a Yetter- 
Drinfeld module if and only if g G Z(A) (respectively, f] G Z(A*)). 

As in [M4], H$ can be presented by generators x, y, z with relations 

2 2 1 
x = y =1, 

= yx, zx = yz, zy = xz, 
1 

z 2 = -(1 + x + 
The coalgebra structure is determined by 

A(x) = x ® x, ^(y) = y ®y-< 

A(z) = ^((l + y)®l + (l-y)®x)(z®z). 

In particular, 2 G iy g x , e(z) = 1 and S(z) = z^ 1 . We have in 
addition H 8 ~ i7 8 *, G(if 8 ) = {l,x,y,xy} ~ Z 2 x Z 2 , and G(if 8 ) n 
Z(ff 8 ) = {l,xj/}. 

Lemma A.2.1. Let g G G(H 8 )\Z(H 8 ) and r] G G(H£)\Z(H£). 
Then V 9tV is a Yetter-Drinfeld module of H 8 . 
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This implies that D(H 8 ) has exactly 8 distinct one-dimensional rep- 
resentations. In other words, we have 

(A.2.2) G(D(H 8 )*) = (xy <g> e) © (1 <g> a(3) © (x <g> a), 

where G(H*) = {e,a,(3,a(3} and G(H;) n Z(# 8 *) = {e,a(3}. 

Proof. We shall show that if l,xy ^ g, then every element 77 G 
G(H£)\Z(H£) satisfies the condition in Lemma 1.6.1. 

Notice that for any one-dimensional representation 77 : H 8 — > fc 
we must have 77(2;) = 7/(1/), because of the relation za; = yz and the 
fact that z G // 8 X . Moreover, if 77 is not central in then 77(2;) = 
77(2/) = — 1: indeed, if 77|g(h) = 1, then k(rj) = (iJg) coG(H8) and thus 

v eZ(H*). 

Also, it is enough to see that the condition in Lemma 1.6.1 is satis- 
fied for h = z, since it is always satisfied for h = x,y and these generate 
H$ as an algebra. 

We compute 

(A.2.3) 77 z = r)(z 2 )z 1 = -(l + y + rj(x)(l - y)) rj(z)z, 

(A.2.4) z *- i] = i](z 1 )z 2 = ^ (7/(1 + t/)1 + 7/(1 - y)x) r](z)z. 

Replacing in this identities g — y, the condition (77 — 1 z)y = y(z 
77) is equivalent to the equation xy + x + r](x)(x — xy) = 7/(1 + y)y + 
7/(1 - y)xy. This is always satisfied for 77 G G(H£)\Z(H£). 

The argument for (7 = x is similar. □ 

Corollary A.2.5. G(D(H 8 )*) ~ Z 2 x Z 2 x Z 2 . 

Proof. We have |G(D(ff 8 )*)| = 8 and G(D(H 8 )*) is isomorphic 
to a subgroup of G(D(H 8 )) = G(H*) x G(# 8 ). □ 

Proof of Theorem A. 1.1. (i) In virtue of [N, Corollary 2.3.2] and 
Corollary A.2.5, there is a central extension 

► kG — > L>(# 8 ) — A ► 1, 

where G ~ G(D(H 8 )*) ~ Z 2 x Z 2 x Z 2 , and the map 7 is determined 
by i(g <S> rj) — rj <S> g- In particular, dim A = 8. 

We have kG ~ /c G . Identify A with a Hopf subalgebra of D(H 8 )*. 
Part (i) will be established if we show that G(K*) = G. To see this, 
we observe that a group-like element g <g) 77 belongs to G(A*) exactly 
when it is a one dimensional representation of D(H 8 ) which factorizes 
through A; that is, g <g) 77 belongs to G(K*) if and only if 

(A.2.6) (v,gf)W,g) = i, 
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for all group-like elements g' <S> rj' G G(D(H 8 )*). See [N, Corollary 
2.3.2]. Finally, using the description of the elements in G(D(H 8 )*) 
given in (A. 2. 2), one sees that G(K*) = G, thus proving part (i). 

(ii) As a coalgebra, D(H 8 ) is a tensor product: D(H 8 ) = (H 8 ) cop <g> 
H 8 . This proves the statement corresponding to the coalgebra struc- 
ture. 

Combining part (i) with the description in [KMM, Theorem 3.3] 
(the action being trivial in our situation), we find that the simple 
£>(i/8)-modules are of the form p g <g> V, where g G G and V is an irre- 
ducible k ag G- irreducible module, for some 2-cocycle a g : G x G — > k x . 
The dimensions of the irreducible k ag G- modules are either 1 or 2 (since 
they divide the order of G and their square is less than 8). This finishes 
the proof of (ii). □ 

A.3. Proof of Theorem A.1.2 

Suppose that ir : D(H 8 ) — > kM is a surjective Hopf algebra map, 
where M is a group of order 8. Then kM = 7t(H 8 )tc(Hs) and dim 7r(if|) 
and dim^i^g) divide 4 (because H 8 ~ H 8 is not isomorphic to kM). 
Then some of them, say ir(H 8 ) is of dimension 4. Then tt(H 8 ) ~ 
Z 2 x Z 2 , since i7g* has no Hopf subalgebra isomorphic to Z 4 . Therefore 

M^g. □ 
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